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PREFACE 


I HAVE been fortunate in the help received during the preparation 
of this work. The manuscript was read with great thoroughness by 
Dr Sheila M. Edmonds, of Newnham College, Cambridge, whose 
criticisms and suggestions were of great value and kept me firmly 
in the paths of rigour. Dr J. W. 8. Cassels, of Trinity College, 
Cambridge, read the proofs and drew attention to a number of 
slips. To both I would express my sincere thanks. 


A number of pupils helped me in the preparation of the answers. 
Special mention must be made of Mr J. E. Wallington and 
Mr P. A. Wallington, who, acting almost as a committee, provided 
me with a complete set of checked answers; any slips that remain 
must be due to my own carelessness in transcription. I am deeply 
indebted to them for a very substantial piece of work. 


As on former occasions, I have been greatly helped by the staff 
of the Cambridge University Press, and I should like to place on 
record how much I owe to their skilled interpretation of the 
manuscript. 


The Examples come from many sources—the Oxford and 
Cambridge Schools Examination Board, Scholarship examinations 
in the University of Cambridge, and Degree Examinations in the 
Universities of Cambridge and London. I am grateful for 
permission to reproduce them. 


E, A. M. 


QurEns’ CoLLEGE CAMBRIDGE 
June, 1953 


NOTE ON THE THIRD IMPRESSION 


A number of corrections have been made, mainly small. I am 
indebted to Mr L. E. Clarke of the University College of Ghana 
for a very helpful list covering this and the later volumes. 


INTRODUCTION 


THE ΑΙΜ of these volumes is that they shall together form a 
complete course in Calculus from its beginnings up to the point 
where it joins with the subject usually known as analysis. The 
whole conception is based on considerable dissatisfaction with 
much that seems rough-and-ready in the basic ideas with which 
pupils reach the universities, so that almost anything seems 
acceptable for ‘proof’ which is superficially plausible. Of course 
the early work cannot be treated with the rigour appropriate to 
more mature judgement; but I have tried here, however unsuccess- 
fully, to present the subject in such a way that the more exact 
treatment, when it comes, can follow by natural development, 
without being forced to return to a fresh beginning which is often 
felt to be both unnecessary and even pointless. (How many 
students lose the thread of analysis just because they do not see 
any reason for the first few lectures and therefore do not give 
them serious attention ?) 

The first volume deals with the basic ideas of differentiation 
and integration. Graphical methods are used freely, but, it is 
hoped, in such a way that the essential logical development is 
never far away. The examples at this stage are mainly very 
simple, and beginners should have no difficulty in acquiring a 
fluent technique. Integration appears from the start as area and 
summation, the method of calculation by inverse differentiation 
being deduced. All the usual elementary functions are treated, 
but the logarithmic and exponential functions are postponed. 

In Volume II, more advanced parts of the theory make their 
appearance. The logarithmic and exponential functions are 
treated in some detail, followed by Taylor’s series and the 
hyperbolic functions. The treatment of curves seems somewhat 
different from that usually adopted—for example, the formula 
tanys = rd@/dr is derived without the help of the ‘elementary 
triangle’, and other ideas often left to intuition are developed on 
a logical basis. There is a lengthy account of complex numbers, 
and the volume concludes with ‘infinite’ integrals and systematic 
integration. The examples include many that are simple, but go 
up to scholarship, or early university, level. 


xii INTRODUOTION 


Volume III contains a treatment of the functions of several 
variables, including both partial differentiation and multiple 
integration, and also a chapter on curve-tracing. We are now 
definitely at sixth form, or first-year university, level. Volume IV 
deals with more advanced work, such as differential equations, 
Fourier series and similar topics. For these two volumes, the 
examples are mainly of university standard. 

It is hoped that a reader will find material for a continuous 
study of the subject from the start until he leaves it at the end 
for more advanced study, or perhaps earlier in order to apply it 
to other sections of his work. Although I have tried to keep the 
standard of discussion at a level which the mathematical specialist 
will appreciate, I have also tried to remember the needs of others 
and given much attention to keeping the actual exposition as 
simple and clear as is possible. In particular, I hope that the 
scientist and the engineer will find all their basic needs in suitably 
digestible form. But I ought to state explicitly that, although a 
number of practical applications appear as illustrations, I have 
made no attempt at all to write a specifically ‘applied’ calculus. 
My own feeling is that the underlying foundations should be 
made firm by a study of calculus in its own right; the applications 
can then be made by others according to their own individual 
requirements. To attempt the two things at once may lead to 
confusion, 


CHAPTER I 
THE IDEA OF DIFFERENTIATION 


1. Functions. If a stone is thrown vertically upwards from 
the ground, it gets slower and slower till, at a certain height, it 
stops and immediately begins to fall down again. When the speed 
of projection is ὦ feet per second, the height s feet at time ¢ seconds 
is given approximately by the equation 


8 = ut— 16i?. 


This formula expresses a relation between the three quantities 

s,u,t; when two of them are known, the third can be calculated. | 

(i) If u,t are given, then 8 is determined uniquely; the height 

can be calculated at a given time for a definite speed of projection. 

(ii) If s,t are given, then u is determined uniquely; the speed 

of projection can be calculated for a given height at a given time. 
(iii) If s,u are given, the equation for ¢ is the quadratic 


162? —ut+s = 0, 


so that there are two values of t; the particle, projected with given 
speed, is at a given height twice (provided, of course, that it gets 
there at all), once going up and once coming down. 

We say that there is a functional relation connecting 8,10, , or 
that each of them is a function of the other two. The magnitudes 
connected by the relationship are called variables; those to which 
we assign values of our own choosing are called independent 
variables and those whose values are then restricted (perhaps even 
determined, as in the example quoted) are called dependent. Thus 
the value of a dependent variable is governed by that of the 
independent variables. 

In the example just given, the functional relationship was 
expressed by means of a precise algebraic formula. It may be 
helpful to point out at once that variables may be functions of 
each other even when such a formula is lacking; the essential 
thing is that there should be some rule whereby the dependent 
variable may be found when the independent is given. Suppose, 
for example, that y is the first prime number greater than 2. 
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When 2 is given, y is completely determined, but there is no 
formula connecting them. All the same, y is a definite function of x. 


EXAMPLES I 
1. Write down the functional relation connecting x and y for 
the following data: 
(i) The product of z* and y exceeds y? by 4. 
(ii) The sum of 2* and y? exceeds the square root of y by 2. 


2. State the functional relation connecting the sides a,b,c of a 
triangle ABC in which the angle at A is a right angle. Taking 
a,b as independent variables, express ὁ in terms of them. 


Let us return to the formula 
8 = ut— 16 3, 


Each of the variables is a function of the other two, but in a 
particular problem any one of them may remain fixed in value. 
The most natural example would be the motion of a particle with 
given speed of projection wu. Then we should regard τ as a constant 
and the formula as a relation between Two variables s,t, each 
being a function of the other. 

A number such as u, which enters into the formula but remains 
unchanged throughout the problem, is called a parameter. Its 
presence influences the ‘size’ of the genuine variables. 


There is one difficulty to which we should refer at once. Consider 
the two functions 


where the symbol ° is used to denote measurement in degrees. 
Each has a definite value for every value of x, except when x is zero. 


(i) The function : assumes the form s when ἃ; is zero, but there 
exists no such number, 

(ii) The value of sin (ἢ always lies between —1 and +1, but 
nothing at all can be said when z is zero. We may, for example, 
evaluate sin (=) for x=+1,-01,-001,... (ie. sin 10°, sin 100°, 


sin 1000°,...), but we are no nearer to a definite value for x = 0. 


FUNOTIONS 3 


In what follows, we shall assume that a function has a definite 
unique value for each relevant value of the independent variable, 
except perhaps in cases which we shall indicate explicitly. 


EXAMPLES II 
1. For what values, if any, of the independent variable z have 
the following functions no definite value ? 


1 ] 1 ] ‘i 
2-1’ 2-1’ 2?-—474+5’ 2?—474+3° 
2. For what values of ᾧ have the functions 


Εν 5 tan x 
sin x 
no definite value? 


8. For what values of x have the functions 


ond, ἀρ τὴ 


no definite value? 


2.. Discrete and continuous variables. Consider the follow- 
ing examples for a function y of an independent variable z: 


(i) y is defined in terms of x by means of the relation y = 2x+ 3; 

(ii) y is defined to be the first positive integer greater than 2; 

(iii) y is the average height in inches of the first ᾧ men named 
in the Cambridge Telephone Directory for 1952; 

(iv) y is the number of children of the zth man named in the 
Cambridge Telephone Directory for 1952. 

There are important differences in the allowable values of the 
variables. Let us take the examples in order: 

(i) The values of 2 and y are both unrestricted; each can take 
any value, positive or negative, integral or fractional. 

(ii) The value of x is unrestricted, but y must be a positive 
integer. That is, the value of y moves by ‘jumps’. 

(iii) The value of z is necessarily a positive integer; the value 
of y may, by chance, be an integer, but is more likely to be a 
fraction, probably between 54 and 78. 

(iv) The values of x, y are both positive integers, with y possibly 
zero. 


- 
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A variable whose values proceed by steps is called discrete; a 
variable which can take all values (at any rate within limits 
relevant to the problem in hand) is called continuous. 


3. Notation. We now direct our attention to functions of a 
single continuous variable, A function of the independent variable 
« will be denoted by a symbol such as f(x), g(x), F(a), and so on. 
Thus, if the function were 3.3 -- 3, we should write 


J (x) = 2.3 -- 8, 


where the sign ‘=’ is used to mean ‘is identically equal to’, or 
‘stands for’. For example, 


f(4)=2.427-3 = 29, f(0)=2.02-3 -- -- 8, 


When more than one function is considered, we use separate 
symbols for each; for example, we might have the three functions 


ff(w)=1+2%, g(x)=2a, A(x) =1-2°%, 


These functions are actually re- 
lated, being connected by the 
identity 


{f(x)}* = {9(x)}* + {h(a)}?. 

It is sometimes convenient to 
omit the reference to the inde- 
pendent variable when no con- 
fusion can arise, and to use the 
shorter symbols ἢ, σ, F,andso on, 
for the functions. The identity 
just given then appears more 


y 


.compactly in the form 


P=geth. 
In practice, too, we often use Fig. 1. 

& SINGLE LETTER (usually y) to 

denote a function of the independent variable xz. Thus, we might 
write 

y=x*—5 

to mean ‘y is the function z?— δ᾽, By convention, however, the 
ordinary sign for equality is usually employed in this context, 


and we write 
y = χϑ-- δ. 


| 
| 


NOTATION 5 


This notation is linked up with the common representation of 
a function by means of a graph. The diagram (Fig. 1) shows the 
graph y = z*—5 representing the function just quoted. 

A function may on occasion receive the alternative names y or 
f(x) according to convenience, and the graph y = (x) is then 
called the graph of the function. 

We assume that the reader has already had practice in the 
drawing of graphs. The following revision examples are typical. 


EXAMPLES III 
Draw the following graphs, choosing your own scales and ranges 
of values for a: 


l.y=2+3. 5. y = (w—1) (ὦ -- 3). 

2. y = 3 -- ὃ, 6. y = (x—1) (ἡ --- 3) (ὦ --- 3). 
3. y = sina. 7. y = x*(x—-1). 

4. y= xcos. 8.* y = Jz. 


4. Limits. Suppose that a stone, initially at rest, is dropped 
from some point at a certain height above the ground. As it falls, 
it is subject to resistance from the air, and some idea of the 
motion may be found by making the simplifying assumption that 
the resistance is proportional to the speed—say ὦ times the speed 
per unit mass. It may then be proved that, if g (approximately 
equal to 32) is the usual constant of gravitation, the speed after 
¢ seconds is 

δυ 9 

k ke®’ 
where e is a number about which we shall have much to say later, 
but which for the present we may take as having a value near 
to 2-7. 

As ¢ increases from zero, e“ increases steadily, and the term 
g/(ke™) gets less and less, becoming almost negligible for large 
values of ¢. Hence as time goes on the speed of the stone (if it has 
far enough to fall before reaching the ground) approaches more 
and more closely to the value g/k given by the first term. This 
value is, in fact, called the terminal speed of the stone. 

* Here and elsewhere the symbol ,/ implies the positive square root unless 
the contrary is stated explicitly. 


2 
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Τὺ follows that the expression for the speed of the stone is a 
function of the time which approaches more and more nearly to 
the value g/k as ¢ becomes larger and larger. We say that the 
function tends to the limit g/k for large values of ἐ, 


We have begun by explaining the idea of a limit with the help 
of a physical example, in which that limit is approached for large 
values of the independent variable. More generally, we must 
consider the limit approached by a function as the independent 
variable tends towards any given finite value. In many cases the 
answer is obvious; for example, the limit of 1 + 2 as x approaches 2 
x*—] 
: z—1 
as x approaches 1, or about —— as x approaches 0. This is the 


is 3. But it is not so obvious what we are to say about 


problem which we now begin to examine. 

Suppose that f(x) is a given function of x, and that we wish to 
discuss what happens to f(z) as x tends to a certain value a. 
Suppose, too, that there exists a number L (which, in practice, 
may require some skill to determine) such that f(2) is very near 
to L whenever x is very near to a. We say that L is the limit of 
f(z) as x tends to a, and we write this statement in the form 


lim f(z) = L. 


We must, of course, have some criterion to apply to the 
words ‘very near’—that is, we must devise a ‘test of nearness’. 
For this purpose we choose any small positive number, which it 
is customary to call «. We might take « to be 1, -01, -00001, and 
so on, according to the degree of accuracy which we propose to 
adopt. The point is that ε is an arbitrary number of our own 
selection, and that it may be taken as small as ever we please. 
In order to say that f(x) tends to the limit LZ, we are to insist 
that the numerical value of the difference between f(x) and L, 


waiiee I f@)-Li, 


is less than this number « for all values of x sufficiently near to a; 
and this must be true however small ε is selected, 

We require, in fact, that when « is given there can be found a 
certain positive number 7 (whose value will depend on e) such 
that the difference | f(z)—JZ| really is less than ε whenever x 
differs from a by less than 7. 


LIMITS 7 


Derinirion. A function f(x) tends to the limit L as x tends to 
the value a if, when ε is a given positive number (however small) a 
positive number ἡ can be found, depending on ε, such that 


\f(z) -—L|<e 


whenever 0<|x—-a|<». 


Ἐ- 
+ 
' 

1 
' 
' 
' 
' 
t 
' 
' 
' 
' 

' 

' 
! 
' 
! 

S 


ese Ὁ ὦ «εν ὦ Boece 


Fig. 2. 


The definition may be illustrated graphically. The diagram 
portrays the graph y=/f(x), in which y= LZ when z=<a, the 
corresponding point on the graph being P. The band between the 
dotted lines at the levels L— ε, L + ¢ encloses that part of the curve 
for which f(x) lies between L—«, [+ €; the points where the curve 
meets the dotted lines are U, V, giving values m,n for x. If we 
take 7 to be any number less than both a—m and n—a, then the 
value of f(x) is between L—e and L +e whenever z lies between 
a—n and a+7; that is, |f(z)—L| is less than « whenever |z—a| 
is less than 7. Hence lim f(x) = L. 

στα 


Note. The function may never actually ΤΑΚΕ the value towards 
which it reENDs. For example, the relation 


z?—] 
=2x+1 
z—l 
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is true whenever zx is not equal to 1, and this is so however close 
to 1 it may be. For example, if x = 1-0000001, then 


(a®—1)/(a—1) = 2-0000001. 


Be ae 


Hence 
a+>1%¢—1 

But the function itself has no value when x = 1, since numerator 

and denominator are both zero. 

The modification when the independent variable becomes 
indefinitely large is easily supplied (compare the physical example, 
p. 5). The idea is that, if f(x) tends to a limit Z for large 2, 
then, whatever positive number ¢« we take, we can ensure that 
|f(~)—L | is less than ¢ by taking 2 sufficiently large; in fact, we 
must ensure the existence of a number N (whose value will 
depend on e), such that the difference |/(x)—Z| is less than ε 
whenever z is greater than J. 


Derinition., A function f(x) tends to the limit L as x becomes 
larger and larger (or, as we say, ‘tends to infinity’) if, when ε is a 
given positive number, however small, a number N can be found, 
depending on ε, such that 


If(w)-L\<e 
whenever r>N. 
The symbol ‘co’ is often used for ‘infinity’, and the statement 
J (x) tends to LZ as x tends to infinity’ 
can be written in the form 
‘lim f(x) = L’. 
-- ὦ 


InLusTRATION 1. In order to show what is implied by these 
definitions of a limit, we consider the two examples 


In each case the limiting value itself is easily obtained. We 
demonstrate how the value fits in with our formal definitions. 


LIMITS 9 
(i) We should naturally expect the solution 


For detailed proof, we turn to the definition of a limit, putting 
f(x) = (e+ 5)/(v+2),L = 2. Then 


x+65 
f(z) -L| = ate -2| 
--- —x+1 
Th Bebe Gl 


We have to show that, if « is any given positive small number, 
then we can establish the existence of a positive number 7 (depend- 
-.,.,- 


is less than e whenever 
2+2 


ing on e) with the property that 


x lies between 1—7 and 1+7. 
Since we are concerned only with values of x near to 1, we may 
take x+2 as positive. The argument divides itself into two parts, 


according as x>1 or z< 1. 
If z>1, we write x = 1+, where δ is positive. Then 


|-e+1|=|-(14+8)+1]=|-8|= δ, 
and [5 -Ἐ2-Ξ 8: ὃ. 


The condition is therefore 


ΙΕ 855: 
ee a 
or ὃ «3ε- δε. 


[When ‘clearing fractions’ for an inequality, it is essential to 
be sure that the denominator is positive. This is the point of the 
remark that +2 may be taken as positive.] 

The inequality is certainly true if we choose 6 so that 


ὃ < 3e. 
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If x<1, we write ὦ = 1— 6’, where 3’ is positive. Then 
[-- Δ Ἔ 1|{Ξ|--  -- δ) ἘῚῚ᾿|-ΞῚ δ΄ |= 98, 
and [4ώ.- 2- 8-- δ΄. The condition is therefore 


‘ 


325 <% 
or, the denominator being positive, 
δ΄ < 8ε -- δ΄ ε, 
or (1+ ε) δ΄ «8ε, 
or δ' « τς 


If we choose ὃ and 8’ so that both are less than 3¢/(1+ ε), then 
each of the inequalities 


8<3«e, δ' « ον 


l+e 
is satisfied. In other words, if we take 


ἐ, 8ε 
ἈΝ 1+e’ 


then the expression (2 -ἰ 5)/(x+ 2) differs from 2 by less than ε for 
all values of x in the range 


1—n<2<1+7. 
Hence, by the formal definition of a limit, 


(ii) Consider next the limit 


x+5 
o> aott+2 


We write the expression (x+5)/(z+ 2) in the form 
of 
ere! 
1+(Z) 
x 


LIMITS 11 
As x becomes very large, 5/x and 2/x become very small, so that 


+5 1+0 
esanrtt2 1+0 
=], 


Now turn to the corresponding formal definition, and put 
f(x) = (e+ 5)/(v+2),L=1. Then 


If(@e)-L| = 


We have to show that, if « is any given positive small number, 
then we can establish the existence of a number N (depending 


on εἢ with the property that | is less than ε whenever = is 


3 
x+2 


greater than Ν. 
As we are concerned with large values of x, we need only 
consider x to be positive, so that 


| ae 
2+2| 2+2’ 
and the condition is 
| —s «ε, 
or, the denominator being positive, 
3< «x + 2e, 
or ex >3—2e, 
or, finally, x> : =, 
If we write N= 5: τᾶς x 


€ 


then the expression (1 -" δ) (5 - 2) will differ from 1 by less than 
¢ for all values of x greater than N. Hence, by the formal definition 


of a limit, 
+5 


—— =], 
e+ortt+2 


12 THE IDEA OF DIFFERENTIATION 


EXAMPLES IV 
Evaluate the following limits: 


οὐ ἡ. Ὁ} ; Paes ΠΕΡῚ 
3 2*+3r+2 ᾿ Ks 3 
2—> 9% —3x+2° go 4+ 5a 
. 6. li 

zm ϑ5 Eee x—2 

Ξ “39 --ἘἸΘ χ"-- 4 
lim 8. 
ea Ὁ o> 2%*— bath 


5. Continuity. The treatment of the preceding paragraph 
must sometimes be modified. Anyone looking at the diagram 
(Fig. 3) would agree instinctively that the function f(x) repre- 
sented there is ‘contin- 
uous’ for negative values f(x) 
of x and ‘continuous’ for 
positive values of x, but 
‘discontinuous’ when z is 
zero. We must examine 
the idea of discontinuity 
more closely. 

We can, if necessary, 
split up the work of the 
preceding paragraphs to 
define Two limits at x =a: 

(i) The limit as x tends 
to a ‘from above’, where 
we replace the conditions 
0<|zx-—a|<n in the de- 
finition by the conditions 
0<%—a<n, making x greater than a. This corresponds to an 
approach to the point LZ, in the diagram. 

(ii) The limit as x tends to a ‘from below’, where we replace 
the conditions 0<|x—a|<7 in the definition by the conditions 
0<a—xz<n, making =z less than a. This corresponds to an 
approach to the point Z, in the diagram. 

We shall not have much to say about these two limits, except 
to note the definition of continuity which they imply: 


Fig. 3. 
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Dermition. The function f(z) is CONTINUOUS when x=a if 
f(x) tends to a limit L as x tends to a from above and to the same 
limit L as x tends to a from below, while f(x) = L when x = a. 

Continuity is therefore a Local property, as the diagram indi- 
cates. Continuity at one point by no means implies continuity 
at any other. 

One of the commonest cases of discontinuity which occurs in 
practice is when f(2) assumes the form of a ‘fraction with a zero 
denominator’. The simplest illustration is the function 


f(x =, 


and the diagram (Fig. 4) shows the graph 
] 
x 


< 


Fig. 4. Fig. 5. 

For very small values of x, we see that y is large; but y jumps 
from very large NEGATIVE values to very large POSITIVE values 
as x moves across the value zero. There is therefore a dis- 
continuity at x = 0; indeed, the formula does not define f(x) at 
all when z is zero. 

Similarly a function such as 

e+ 
z—1 
has a discontinuity at x = 1. 
We add that a function such as 
y=|2| 
(i.e. y = the numerical value of 2), whose graph we show (Fig. δ), 
is NOT discontinuous at x = 0. 
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EXAMPLES V 


Name any points at which the following functions are dis- 
continuous: 


fi εἰς, 2, =. 3. at 
' ae δ -- 6. -- 
7. tanz. 8. πὰ 9. oa. 
10. ——. 11. τὴ ἢ 12. he 


13. Prove that sinz is continuous (i) when x = 0, (ii) when 
% = ἐπ, (iii) when x has any general value zx). [Remember that 
sin (v+h)—sinz = 2 cos (x+ $h) sin $h.] 

14. Prove that cosx is continuous (i) when x = 0, (ii) when 
« = $7, (iii) when x has any general value 2». 


6. Rate of change. It is familiar that, under suitable con- 
ditions, the pressure p of a gas and its volume v are related by a 
law of the form 

pv = constant, 
say pv=b, 


so that » is the function of v given by the relation 
: 
: 


Suppose now that the volume of the gas is altered slightly; 
the pressure will change in sympathy. A standard notation is to 
denote the small change in the value of v by the symbol 


dv [read ‘delta v’] 


which may, of course, be positive or negative. As a result of this 


variation, the pressure suffers a change, which we denote similarly 
by the symbol ép. 
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[The signs ‘Sv’ and ‘8p’ are composite symbols for these changes 
and stand for single algebraic variables. The ‘8’, “ν᾽ and ‘p’ are 
not separable entities. ] 

It is an obvious use of ordinary language to think of the ratio 


8p 


δυ 


as measuring the rate at which p varies with υ. 

We now form an estimate for this rate when v has a certain 
given value which we may conveniently denote by v, When the 
volume has been increased by the amount Sv, (positive or negative) 
to the value v,+5v,, the pressure may be written as p,+6p,, 
where p, is the value of p corresponding to v,. These numbers 
are connected by the relation 


Pit dp, = Pa ΣΟ" 
b 
But P= 0, 


so that, by subtraction, 


ee. eed 
Pi = v,+6y, % 
v,(v,+ 5v,)" 

8p, b 


μων: Su, νυχίυ, + 8%)" 

The rate of change of p with v is obviously best measured by 
taking the values of the ratio δρίδυ for very small changes in v. 
Τὴ fact, if the ratio 5p/5v tends to a limit as the variation δὺ is 
taken smaller and smaller, that limit will suit admirably to define 
the rate of change. Now, υ itself being given, we have the result 

lim a4 ee 
δυ,-»οἱ 04(Y + 90) vy 


and so the rate of change of pressure, at an instant when the 
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volume is v,, is measured by the formula 


5 
ve 
Note. Since 6 is essentially positive, the rate of change is 


negative. This agrees with the common-sense observation that p 
decreases as v increases. 


7. Gradient. Closely related to the idea of the rate of change 
of a function is that of the gradient of a curve. We choose an 
alternative illustration. 

The electrical resistance of a metal may be expected to vary 
with the temperature, and experiment shows that for platinum 
the resistance R when the temperature is 6° C. is given by the 


relation 
R= Κι (1 Ἐαθ- βθ5), 


where A, is the resistance at 0° C. and a, β are positive constants. 


~ 
iS 
! 
Ι 
i 
i 
Ι 
i 
' 
! 
NU 


Ἂς 


“αν = 2@ ὧν ὦ ὦν ὦ» « ἰὼ ~~ 


we 


The relation between R and 6 may be illustrated by means of 
the accompanying diagram (Fig. 6). 

Suppose that the resistance is h,,R, when the temperature is 
9,,9,, the corresponding points of the graph being P,,P,. The 
variation of resistance with temperature may suitably be measured 
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by considering the ratio 


resistance increase f,—R, 


temperature increase 0,— 0," 

In the diagram, draw the straight line P, P,, and also the line 
P,M perpendicular to the ordinate through P,. Then, if the line 
P,P, makes an angle ψ' with the axis of 6, the value of tany’, 
being the ratio (A, — R,)/(@,—6,) just indicated, gives a measure of 
the rate of change of R with 6 for the range of temperatures 0, to 0.. 

It is important to have an expression for the rate of change of 
R with θ at the value 6, itself. To do this, we take P, progressively 
nearer to P,; the chord P,P, tends to take up a limiting position 
called the tangent to the curve at F,, and ψ' assumes a limiting 
value ψ. 


Durinition. The rate of change of R with θ at the point 6, is 
measured by tanys, which is called the GRADIENT of the curve at P,. 


We can find an expression for the gradient by a method similar 
to that used in the preceding paragraph. Suppose that the increase 
of @ from 6, to 0,+66, causes an increase of resistance from R, 
to #,+6R,. Then, by the formula for R, 


R, + dh, = Rofl Ὁ α(θ, + 86,) + B(A, + δθ.)"), 
R, = Ro{1+ a0, + BO}. 
Subtracting, we have 
δῇ, = Ry{a80, + 280,50, +8(30,). 


Now R,-—R, = 5R,, 
so that tan ψ' = ony 
56, 
= Ry{a+ 286, + βδθ.}. 
By definition, the gradient is 
ἱ 5a 
tany = | a 
= im be 
Pr ἐπα + 286; + βδθ,} 


= hy(~+ 2f6,). 


; 
| 
i 
: 
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Hence the gradient of the graph (the rate of change of R with θ) at 
the value 6, is 
Ry(a + 2B8,). 
More generally, suppose that 
y = 76) 


is a given curve (Fig. 7) and P, P’ two close points upon it given 


Fig. 7. Fig. 8. 


by = %,2,+82, and y=y,,y,+5y, respectively. Then the 
chord PP’ makes an angle ψ' with the x-axis, where 


any = δα 
= f(%, + δα) -- () 


δα) 
If P’ is taken progressively nearer to P (Fig. 8), the chord PP’ 


assumes (in ordinary cases) a limiting position, the tangent at P, 
and ψ' assumes a limiting value ψ, where 


ey 
ap .. ἢ: 
a: ten f(% + δα) -- Ε[ (%) 
δα, > 0 1 


This limiting value of tan; is called the gradient of the curve 
y = f(x) at the point for which zx has the value 2. 
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EXAMPLES VI 

1. Find the gradient of the straight line y = 32+ 4 at the points 
where x = — 2,0, 2, 4 respectively. 

2. Sketch the curve y = 2°, and find the gradient at the points 
where x = —1,0,1, 2 respectively. 

3. Prove that the gradient of the curve y = 2°, at the point 
where # = 2%, 18 32}. 

4, Prove that the gradient of the curve y = 2*+ 57+4, at the 
point where x = a, is 2a%,+5. 

5. Prove that the gradient of the curve y = z°—2, at the pomt 
where z = 2, is 322-1. 

6. Determine the range of values of x for which the gradient 
of the curve y = 2.9 -- 9x*+ 122 is negative. 

7. Prove that the gradient of the curve y = z*—4 is positive 
for all positive values of x. 

8. Find the equation of the tangent to the curve y = 2? at each 
of the points (1,1), (— 2,4), (0,0), (3, 9). 

9. Find the equation of the tangent to the curve y = x*+ 2x 
at each of the points (1,3), (—1, —1), (0,9). 


8. The differential coefficient. We now gather together 
(with some repetition) the ideas of the last two paragraphs. 

Let f(x) be a given function, and 2, a certain value of the 
independent variable x. Suppose that 2, receives a small incre- 
ment; in the notation of the preceding paragraphs this would be 
called δα, but it is now more convenient to use the single letter ἢ. 
The values of f(x) corresponding to the values 2,,2,+h of the 
independent variable are f(x,), f(x, +h), and the rate of change of 
J (x) between the values x,,2%,+h is 


f(% +h) —f(a) 
ns 


The rate of change of f(x) at the point x, is thus 
fem Lath) f(s) 
A , 


ἢ -50 
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and this limit (if it exists) is called the differential coefficient of 
f(x) with respect to x at the value x,. The phrase derivative of f(x) 
is also used. 

Thus the differential coefficient of b/v with respect to v at the 
value v, is (p. 16) —6/v?, and the differential coefficient of 
Ἀρ(1 Ἐαθ- βθ5) with respect to @ at the value 0, is (p. 18) 
Ry(« + 28θ,). 


Iutustration 2. To evaluate the differential coefficient of 3a? — 4a 
with respect to x when x = 4. 


If f(x) = 3.3 — 4, 
then f(4+h) = 3(4+h)?-4(4+h) 
= 3(16+ 8h+h?)—4(4+h) 
= 32+ 20h + 3h2, 
and (4) = 3.43-- 4.4 = 32, 
Hence J(4+h)—f(4) = 20h + 813, 
and ar i 4) _ 9043. 


The differential coefficient is the limiting value of this function 


as ὦ tends to zero, and so its value is 20. 


Τὴ practice, it is customary to write the value of the differential 
coefiicient so as to refer to a general value x; thus the limit 


lim f(x+h)—f(x) 
h—>0 h 


gives the differential coefficient of f(x) at the point x. But it 
should always be kept in mind that a definite value of z is implied. 


ILLusTRATION 3. To find the differential coefficient of x. 
The differential coefficient is 


Pa 2 
lim (z+h)P—2t δ lim aha +h = lim (2a+h) 
Ἶ-»0 h—>o h h-0 
= 22. 


Hence the differential coefficient of x2 is 2x, 
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ILLUSTRATION 4. T'he function αὶ has no differential coefficient 
at the point x = 0. 


If F(x) ἊΝ at, 


10 Ὁ )-- 0) (0) -- (0) λ}--Ο 
then — τ oe ῃ “τὶ 
1 
= πὰ 
As h becomes smaller and smaller, 1/h# becomes larger and larger, 
“= sien 70: )-- 700) 
h->0o A 


does not exist. 


ILLusTRATION 5. The differential coefficient of 1/x 18 — 1/2. 
The differential coefficient is 


1 ] 
lim oth 2 om eet) 
h>0 h po h(x th) 
—h 1 
ag lh Bac eat nis tha 
prohele+h) ~~, roaleth) 
1 
TS ae 


It is understood that 2+0, otherwise there is no differential 
coefficient—indeed, the function is itself undefined. 


9. Notation. Several notations are in use for the differential 


coefficient. 
If f(x) is a given function of x, its differential coefficient with 


respect to x is denoted by the symbol 
f'(@). 


Alternatively, if the function is denoted (as, for example, in 
graphical work) by the letter y, so that 


7 = f (x), 
then the differential coefficient of y with respect to x is denoted 
by the symbol ἂν 
dx 
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Here we do Nor mean a process of division. The notation is an 


; : XAMPLES VII 
appeal to the eye based on the fact that, if dy is written for 7 
f(x+ dx)—f(z), then 1. Prove that, if f(x)=2°+2, then f’(x) = 2x+1 and that 
Πα: δι)-- 7) ὃν ἀντ. iy 
oa Oe 2. Prove that, if y = 42°, then 7 = 85. 
i = 523, then y;, = 30. 
and the limit of this quotient is ἀν 8. Prove that, if y ᾿ = 
dex 4, Prove that, if f(x)=2%, then f’(x) = 32 
The notations ψ', ἐς {f(x)} 5. Prove that, if y = x, then y’ = 1. 
dy _ 
are also in common use. 6. Prove that, if y = 2°—8, then Ἐπ 32:3, 
When we wish to specify precisely that the differential coefficient d 
is evaluated at, say, x = a, we use one of the forms 7. Prove that, if y = 5, the = 0. 
f'(@), (Z) 8. Prove that, if y = 4%+3, then y’ = 4. 
a 


‘ f the functions 42, 52?, x3. 
or other obvious modifications. 9. Evaluate f’(2) for each of the 


The process of finding the differential coefficient i is known as 10. Prove that the function = ty has no differential coefficient 


differentiation, or differentiating the function. z—1 
In illustration of the notation, consider the function x? whose when « = 1. 
differential coefficient (p. 20) is 2x. ns 
ε ἜΝ 10. Tangent and normal. We explained in ὃ 7 (p. 18) what 
da f(z) = is meant by the tangent to the curve 
then 7 ()Ξ y = f(x). 
(ii) If y = 2, If P is the point (a,,y,) of the curve (Fig. 9), then the tangent 
dy 
then ree 2z, P 
or y = 2x. 


If we evaluate the differential coefficient when x = 5, then 


, d. , 
(5) = 10, or (72), = 10, or y,=10, 


Fig. 9. 


at P makes with the z-axis an angle 7 such that 


tan} = f'(x,) 
= Yi» 
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where f’(z,)=y;, is the differential coefficient of f(x) evaluated 
at %,. Hence, by elementary analytical geometry, the equation of 
the tangent at P is 


Y—Y, = (t«—2,)f'(x,), 
or Y—-Y, = (5 -- αν) yj. 


Derinition. The normal to the curve at P is defined to be the 
line through P perpendicular to the tangent. Hence the equation 
of the normal at P is 


(y¥—Ys)f'(@,) + (w@—2,) = 0, 
or (ν -- ψυῦ)ψι + (ὦ -- αἱ) = 0. 
Intustration 6. To find the tangent and normal to the curve 
y = 8.3 -- ἀξ 
at the point (4, 39). ᾿ 
We have proved (p. 20) that 
f'(4) = 20. 
Hence the equation of the tangent is 
y —32 = 20(x— 4), 
or 202z—y = 80—32 
= 48, 
and the equation of the normal is 
20(y — 32) + (x—4) = 0, 
or x+20y = 644, 


EXAMPLES VIII 
[Compare exx. 3, 4, 6 on p. 23.] 
1. Find the equation of the tangent and of the normal to the 
curve y = 5a* at each of the points (3, 45), (— 2, 20), (0, 0). 
2. Find the equation of the tangent and of the normal to the 
curve y = 2° at each of the points (2,8), (—1, -- 1), (0, 0). 


3. Find the equation of the tangent and of the normal to the 
curve y= α--8 at the points where it crosses (i) the z-axis, 
(ii) the y-axis, 


CHAPTER II 


THE EVALUATION OF DIFFERENTIAL 
COEFFICIENTS 


1. Some theorems on limits, The direct evaluation of a dif- 
ferential coefficient from its definition is often a troublesome 
matter, and we must now devise a number of rules to shorten 
our labours. First of all, we ‘borrow’ from Pure Mathematics 
some theorems about limits which seem obviously true but which 
are not too easy to prove rigorously. 


(i) The limit of the sum of two functions is the sum of their 
individual limits. Thus 
lim {f(x) Ὁ 9(x)} = lim f(x) + lim σία). 
z->a α-:α ὥ-τα 
This result can be extended to any number of functions. 


For example, we can prove that 


led. Sa) " ne 


2+1l1—x% 


pm (1 —a*) + (1—2@5) + (1-24) " 


= 9. 


and so 
z~>l1 


(ii) The limit of the product of two functions is the product of 
their individual limits. Thus 


lim {f(x)g(x)} = lim f(x) lim g(x). 
za 2-»α za 
This result can be extended to any number of functions. 


Properties (i), (ii) can be combined in obvious ways. For 
example, 


tien (1-24) (1-29) + (1-28) (1—2*) + (1—2*) (1-2) 
(1—2)? 


= 4.34+3.2+2.4 = 26. 


5-»} 
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(iti) Zhe limit of the quotient of two functions is the quotient of 
their limits, PROVIDED that the limit of the denominator is not 
zero. ‘Thus 

lim f(z 
ie see 


o> a(x) 0 Hint g(2) ‘ 


provided that lim g (x) +0. 
z—->a 


For example, 
- πᾶς (1--Φ6)1-»ν-αὐ. 4 
ἐν τ αϑ τ gr (1-- δ) (1--ἀ) ~ 3° 


Our next step is to establish three general theorems, after which 
we shall derive some standard formule for differential coefficients. 


2. The differential coefficient of a sum of functions. 
It is an immediate consequence of § 1 (i), p. 25, that 


= tf (x) +9(x)+h(x)+...} = f'(x)+9'(x) +h'(z)+..., 


so that the differential coefficient of the sum of a number of functions 
18 equal to the sum of their differential coefficients. 

The proof is similar to, but easier than, the corresponding 
theorem for a product of functions given in the following para- 
graph, and is therefore left as an exercise for the reader. 


3. The differential coefficient of the product of two 
functions. We prove that, if u,v are two functions of x, then 


(uv) = uw δε ΟΝ 
ἄπ, aa” dx? 
or (in other notation) (uv)’ = uv’ +vu', 
provided, of course, that the limits of ᾽ν, = exist. 


If u,v are the values of the functions when the independent 
variable has the value x, and u+ 5u,v+ Sv the values for «+ δα, 


then, by elementary algebra, 


eh σα) eee ae) oe du du dv 
ttc. | ae oe ἤν" 
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Su - Se 


Since the limits saa at SE τ 
exist, 
d _ ys (wt du) (v+ dv) — uv παν ὦ 
a (uv) = —. eae = μενῶ [definition; p. 19] 
dv du du 
= ἐπεί lim ( sat lim (5= δυ) 
Jim {ὦ 52) + im, ” Sa δα —> Ὁ ba 
[limit of sum; p. 25] 
du du du .. pA. 
= ¥—- ἐφ. - ἡ Ὁ f product; p. 25 
ar le a ia [limit of product; p. 25] 
= cP 
“ἀν dae’ 
since lim δὺ must be zero for lim (δυ[ δα) to exist. 
ὃς —> 0 6x0 


The theorem is therefore proved. 


CoROLLARY. By repeated application of this theorem, we have 
(uvw)’ = (uv)'w+ (uv)w' 
= (u'v+ uv’) w+ (uv) w’ 
= u'vw+uv'w+ uv’. 
In the same way, for any number of functions wu, v, w, ..., 


(wow...)’ = w'ow... + Uv’w... + UVW' 2... + eee 


4. The differential coefficient of a ‘function of a func- 
tion’. We prove that, if u=f(x) is a given function of x, and 
y= g(u) a given function of τι, so that y can be expressed as a 
function of x in the form y = g{f(x)}, then 


Suppose that when x assumes the value x+ dz, the value of u 
becomes u+ du, so that the value of y is y+dy. Then (but see 
the Note below) 
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note (isolated) values of x at which f’(x) = 0; that is to say, the limit 
of 5u+ δὰ is zero at such points, and so the initial step of dividing 


| dz. Be τ- (definition; p. 19] Sy by Su is open to the suspicion of being division by a zero 
| denominator. To avoid this difficulty, we proceed as follows: 
dy du If δὼ = 0, we have 
+09 6u da 
ie Sy _ glu+8u)—g(u) _ g(u)—g(u) 
ἱ . δὼ δ dx Sa 
=» im ΤΣ ow ace 
δα en υ Ou Fogo δα [product of limits; p. 36]. χὰ 
But du+0 as δα - 0 (assuming that τὶς exists, as is implicit in 
dx and so 3,7? 


the enunciation). Hence 


dy lim 2% lim δὼ 


δι-»0 OU dn > 0 OX 


CorotiaRy. The differential coefficient of the quotient u/v is 


vu’ -- οὐ’ 
τὰ 
Let y=ulv=uw-, 
dy du ἀ(υ-1 
Then, b OF oe sd ) 
as above, ἃς dg? te = 
du d(v-1) dv 
= —y!l ae ὁ... «ἡ 
da’ τὸ ἜΣ; 
But (p. 21) ὅτ), 1 
dv vy’ 
so that dy _1du “ἀν w'—uy' 


dx vdx wdx py 


we have in mind that the increment δὲ is not zero. But we know 
that w is the given function f(z), and so there will usually exist 


as δα -Ὁ Ο through values such that δὼ is zero. 
But, by hypothesis, we are examining the case when = = 0, 


and so we have the two relations 


dy_» ἦν 0 
koe | ate 
Hence it is still true that 
dy _ dydu 
dx dudz 


ILLUSTRATION 1. Τὸ find the differential coefficient of 


y = (52+ 3). 
Write w= 54+3, 
so that om = 5, 
dx 


We have proved (p. 20) that 


d 2 
Ja (Ὁ) = 2. 


dy dydu 
Hence dz = dade 
= 2(54+3).5 
= 10(57+ 9). 
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i 5. The differential coefficient of x" is nx»-1, 


Ἰ : i -- “καρ 0, 
(This result is often proved by using the binomial series for — er ey da 
| (e+h)". There is, however, the danger of argument in a circle if d(a-™) 
| the proof of that series depends on the result known as Maclaurin’s or am mam) 4. gm a a 0, 
| expansion, which comes later in a normal calculus course. There 
| are, of course, other derivations of the series not open to this “ d(x-™) 
| objection.) = re ae, % 
(i) Suppose that n is a positive integer. If we assume that, for d(x—™) mee 
some definite value of n, we have = = 
d i ee 
τ (a) = μαπ-, or, finally, A Ὁ ase 
then we can prove the general result by induction. For (iii) Suppose that n is a rational fraction. Suppose, that is, that 


n is of the form p/q, where p,q are integers; we can regard g as 
positive, but allow p to have either sign. Then 


£ (amt) — bs (a “) 
(aP/a)a = xP. 


dx d(x”) 
1 sl alld dz (p. 26) Differentiating by means of the formula for a ‘function of a 
re function’ and the rule already proved for integers, we have 
= (n+ 1)a”, g(xP/2)a-1 £ (aP/2) = pxP-t, 
If the result is true for any particular value of n, then it is true d 
for all subsequent values. But it is true for n = 0, since - so that ax (aP/2) = εὐ ἡ, ve 
d d 
= ἕω Ξ ) = 0, — P »p-1-p+pie 
dx dx 4 
Hence it is true for ἢ τ 1; hence for ἢ = 2; hence for n= 8: = P xpi, 
and so on, q 
(ii) Suppose that n is a negative integer. Write n = —m, so that Hence - (2*) = nat, 


m is a positive integer. Then 


(iv) Suppose that n is irrational (for example, an unending, non- 
recurring decimal). We propose to regard it as obvious that n 


d ad, d 
τσ) = (amin) = F (ao = 4 (1) 


| ~ may be approximated as closely as we please by a rwitional fraction, 
| . so that the theorem is true to as high a degree of accuracy as we 
| [The reader may wish to remind himself from a text-book on desire. But this seemingly innocent remark covers a number of 
: algebra about the rules for indices, The basic rule is that | points of considerable difficulty, and a more advanced text-book 


LP .2t = χΡ Τα] must be consulted later when details are required. 
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EXAMPLES I 
Find the differential coefficients of the following functions: 


1. at, 2. (x-+3)4, 8. (22+ 3}, 
4, χϑί(αξ-Ε1)ὴ. δ. αϑία Ὁ 1)8, 6. (w+ 1)3(5.- 2)2, 
1 1 1 
7: x" 8. x1" 9. (a+ 2)3° 
] 1 ] 
10. (2a+3)>° ll. (3a — 5)?" 12. (42 + 3)?" 
13. 4. 14, af, 15. (x+1),/2. 
16. γ(25- 3. 17. (65: 1}. 18. 2-4, 
4 ἣν ues 
19. (+7). 20. (w—3),/(2e4+5). 21. ar 
o γα (5 - 1) 
22. (2a +3)?" 23. (41 —1)3° 24. (a—1)* 


6. The limit as x0 of sin x/x is unity. In the diagram 
(Fig. 10), AOB is a triangle, right-angled at A, in which OA is of 
unit length and the magnitude 
of 2 BOA is x radians, where P - 
x is small. (It should be re- g 
membered carefully that, in 
work of this kind, angles are 
always measured in RADIANS.) 

The line AC is drawn per- ὁ A 
pendicular to OB, and an arc Fig. 10. 

of a circle of unit radius, with 

its centre at O, passes through A and cuts OB in P. Then 
P lies between B and C, and we propose to regard it as obvious 


by intuition th 
a ne AC <arcAP<AB: 
Now AOC = sipz, arc AP = x, AB = OBsinz, and so 


sina<2<OBsinz, 


or l< er < OB. 
sin x 
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Now let +0; then OB tends to equality with OA, so that 


lim OB = 1. 


ας 


It follows that lim =, which lies between 1 and lim OB, itself 


z—>0 z—>0 
has the value 1, and so 


sin . sing 

Note. Although lim — exists, the value of the function “ἘΠ 
z—>o0 

is indeterminate when z is actually zero. 


7. The differential coefficient of sin x is cosx. For 
sin(x+h)—sinz 2cos(x++4h)sin th 
So oe 


h 
= cos (2+ 4h) SE. 
Now, as h>0, cos (7+ 4h) > cosx 
and , τυ δ +1 (86). 


(For the first limit, we have 
cos (v + 4h) —cosa = —2sin (w+ }h)sin 1}. 
But sin(x+}h) lies between —1 and 1, and sin}h-0, so that 
their product also tends to zero. That is, 
cos (7 + $h) — cosa 0.) 


Consequently, since the limit of the product is the product of 


the limits, 
. sin(«+h)—sinz 
lim ——— , ————_ 


= cosz.l, 
h 
h—>oO 


Feta = cosx 
or = = Ἔ 
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8. The differential coefficient of cos x is —sin x. 


Let y = cosa, 
and write ω -ῷ ἔπ α. 
Then Ψ = cos (u—47) = sinu, 
Hence dy = cos τ; 

du 
and also des = 1, 
da 
dy dydu 
It follows that τ 2.5: 
= cos 1 
= 008 (fr +2) 
= -- βίη Ζ. 


Nvte. Since 180°=7 radians, the differentia] coefficient of 
sin 2° is (7/180) cosz°, and the differential coefficient of cos x° is 
— (7/180) sinz®. [For sinz® = sin (7/180) in radian measure.] 


EXAMPLES II 


(It is most important that the student should acquire complete 
mastery of the rules so far derived, and examples such as these 
should be practised regularly.) 

Differentiate the following functions: 


1. sin 2a. 2. cos 3x. 3. 5sin 5a, 4, xsin 32. 
5. x* cos x. 6. 32 cos 3a. 7. (e+1)sin 7a. 8, sin (8.2: Ὁ δ). 
9.(2e+1)% 10. 1/(¢+2)% 11. a/sing. 12. 2(1+sin 2). 
13. sin? x, : 14, cos? x, 15. sin? a, 16. cos* x, 
17. xsin? x. 18. x? cos® x. 19, x? cos? 22. 20. (1+ 2)sin®z, 
21. cos (w— 7). 22. sin? (w+ 4s). 23. Jar, 24. 1/,Ja. 
25. xi sin® x, 26. ¥(sinz). 27. x,/(sinz). 28. x*,/(sin 42). 
29. cosec x. 30. sec 2. 91, tanz. 32. cot x. 
33. cos 22°, 34. tan 32°, 35. xsin 2°, 36. sin? 2°, 
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9. Differential coefficients of higher order. If f(x) is a 
given function of x, its differential coefficient f’(x) is another 
function of x, having in general its own differential coefficient. 
This is called the second differential coefficient of f(x), and is 
denoted by the symbol f(a). 


Alternatively, if y = f(x), the second differential coefficient of y 
is written in one or other of the forms 
Py on 
ae 5" 
In the same way, the differential coefficient of f(x) is the third 
differential coefficient of f(x); and so on. In this way we form a 


sequence which it is customary to denote by the notations 


f(z), file), Κ΄), F°@), FOM(@), wr LOH), ... 
dy dy dey d*y αν 
" de’ da?” δῶ et? ἀρ’ 
ψ, Wits ε δ de othe φρο ad που 
For example, if y= 2, 
then y = 327, y"=62, ν΄ = 6, y™ = 0. 
In the case of sin 2, cos 2, we can obtain a convenient expression 
for these coefficients: 
Let | y = sin2; 
then y' = cosa. 
But, by elementary trigonometry, 
cos x = sin (47+2), 
so that y’ = sin (47+2). 


Thus the effect of differentiating is to add ἐπ to the independent 
variable. Proceeding in this way, we have 
y"’ = sin (πη + x), 


γ΄ = sin (+2), 
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In the same way, if 


y = cosa, 
then y” = cos [{τ τ]. 
EXAMPLES III 
. dy d*y diy : Sie αι, 
Find dx’ dx?’ dad for each of the following functions: 
I. 2 2. 2. 3. 2 
4. xsing 5. 2 cosx 6. xsin®z 
7. sin 2a, 8. cos 4x. 9. sin* 2. 
10. 1/2. 11, 1/(2%—8), 12. 1/23. 
13. Prove that, if f(x) is a cubic polynomial in x, then 
f(a) = 0. 


14. Prove that, if f(x) is a polynomial in x of degree n, then 
f(x) is a constant independent of zx. 


15. Prove that, if y = sin mz, then 


2 
oY mty = 0. 


16. Prove that, if y = xsinz, then 
ay" — ary’ + (a*+2)y = 0, 


d ( dy d*y dy 
17. Prove that (#2) = te tds 
18. Prove that 
αὐ ( ,d*y οὖν By αν 
zal? j ) x j gt ὦ ra tea 


10. Some standard forms. There are one or two basic 
formule which follow directly from results already obtained, and 
which the reader should commit to memory. For convenience, 
we gather together the standard formule of differentiation into 
this one paragraph. 


SOME STANDARD FORMS 


[. GeneraLt RULEs. 


d 
(i) £ (w+) = ae (p. 26). 


d 
(ii) S (wo) = uo (p. 26). 


II. Particutar FuNcTrIONS. 


() F(a") = na" (p. 30). 

(ii) £ (sin 2) =cosz (p. 33). 
(iii) ὦ (0082) =-—sinz (p. 34). 
(iv) <. (866) = sec x tan x. 
ΠΥΡῚ 

(vi) (cameos) = — cose cote. 


(vii) . (cot x) = —cosec? a. 


We prove the last four of these results (II, iv—vii): 


(iv) Let y = seca. 
Then y = (cosa), 
so that dy = (-- 1) (oan Lew 
dx da 
= (1) (cosz)-*(—sinz) = +=" 
= 8005 tanz. 
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(v) Let y= tana, to mean that w is the function whose sine is v. The notation 
Then y = sinzsec2, u = arcsinv 
so that dy = cosz.secx+sinz.secrtanz is alee ae , ; . 
da It is familiar from elementary trigonometry that, if 
= 1+tan? 
a ΠΣ sin’ = sin a, 
= sec” 2, 
(vi) Let y = cosec x. then “= na +(— 1)", 
Then y= (sin ὦ). 3, 


where is a positive or negative integer. Hence the relation 
u =sinv does not define u as a single-valued function of v. 
The graph shown in the diagram (Fig. 11) implies this; when τὸ is 


so that, by reasoning similar to that given for secz, 


= —(sin x)-* cosa given, v is determined uniquely, but, when v is given (lying 
between —1 and +1) there are infinitely many values of εὐ. 
= — cosec x cot 2. 
(vii) Let y = cotz. v 

Then y = cosx cosec 2, 
so that oY (—sin x) cosee x + cos a (—cosec a cot x) oT ἄν ΠΡ 

= -—1-cot?z 

= —cosec? x, Fig. 11. 


EXAMPLES IV 


Our immediate problem is to evaluate the differentia] co- 
Differentiate the following functions: 


efficients, with respect to x, of the function sin-'z. 


l. sec 2x. 2. sec? 2a, 3. tan? 2x. We write 
y = sing, 
4. tan’ 3x, 5. wcosec2. 6. 2* cot 2x. 
7. seca tan 2. 8. /(secz). 9. cosec® 22, so that, by the definition, 
10. χη tan” x, 11, 2-™ sec” x, 12, 2ttan?x, x = βίη ψ. 


11.* The inverse circular functions, Differentiate with respect to x. Then 


I. Tue Inversz ΞΊΝΕ. The relation 


dy 

1 = cosy—, 

v= sinu dz 

serves to define v in the ordinary way as a function of wu. But it dy 1 
| | can also be used to define u as a function of v, and we use the dx cosy : 
1 notation ae 

“= sin-ty 4 1 
᾿. =P 
1 * This paragraph may be postponed, if desired, (1-4) 
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Now inspection of the curve x = siny, shown in the diagram 
(Fig. 12), reveals that the gradient 2 is positive when y lies 


ππ 
between ----, - 


5} 5 and, more generally, between 


onn—", ana +5, 
where n is any positive or negative integer; on the other hand, 
the gradient is negative when y lies between > = and, more 
generally, between 


(2n+ l)n-5, (2n + I) +5. 


Hence —=+ 


with positive sign if the angle sin-'z is between 2nm— =, ϑηπ τ, 


and with negative sign if sin-'z is between (2n+ 1)π--τ, 
(2n-+1)7 +5. 
In particular, if sin-1z is an ACUTE angle, then 
II. Tue Inverse Costing. Similar con- 
siderations guide us in finding τ when 


y = cos" z, 
or x = cosy. 
Differentiate with respect to x. Then 


= τοίην τ, 
dy 1 
so that 1." “τ 
1 
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To determine the choice of sign, we appeal to the curve x = cosy 

shown in the diagram (Fig. 13), and see that the gradient = is 
positive when y lies between 7, 27 and, more generally, between 

(2n+1)2, (2. - 2) π; 

the gradient is negative when y lies between 0,7 and, more 

generally, between δὴν, (ons l)n. 

Hence lg + —2) — a)’ 


with positive sign if the angle cos“ x is between (20 -- 1) π, (2n+ 2)π, 
and with negative sign if cos-ta is between 2ηπ, (2n + 1)π. 
In particular, if cos~'z 1s an ACUTE angle, then 


ee Lore 
dx = (1-2?) 
TII. Toe INVERSE TANGENT. The evaluation 
of dy when 
dx 
y = tan-'z, 
or x = tany, 


is much simpler. Differentiate with respect to x. 


Then (je seoty , 
dy 1 
so that τῶν 
me 
1+27 Fig. 13. 


EXAMPLES V 


1. Evaluate τ for each of the functions sin- z. cos! x. ὕδη τς 
when the angle has the value 


a7, @ ὅπ, ay 2, (ν) ὅπ, 6) Z wi ἐξ’ 
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Taking the angle to be acute, find dy for each of the functions: 


dz 
2. xtan-!z. 3. sin? (x), 4. xcos-}z, 
5. x sin-! (22). 6. z* cos (2°). 7. (δ 2 z)?*. 
8. Βοο 2, 9. cosec! a. 10. οοὐ 12. 
11, (sin! )3, 12. χ(οοβ- 3 “)8, 18. χϑβοο- 2, 
14, χ οοβθοσ 2, 15. x*(sin- x), 16. 1/(sin-1z). 


12.* Differentials. It follows, from the definition of the 
differential coefficient f’(x) of a function y=/(x), that the incre- 
ment dy in the value of y when z receives a small increment δὰ is 
(in ordinary cases) not very different from f’(z) dz, so that 


by = f'(x) dx 
approximately. 

For many purposes, however, it is desirable to work instead 
with an exact relation, and this leads to the idea of a differential, 
which we must now explain. 

When the increment dz is given an arbitrary value, not neces- 
sarily small, the expression 


f'(x) da, 
where f’(x) is the differential coefficient of the function y=f(z), 
has a definite value, and is denoted by the notation dy, so that 
dy = f’(x) δα. 


The expression dy, or f’(x) 5x, is called the differential of y corre- 
sponding to the increment δα. The relation dy = f’(x) δὰ is ExacT, 
without any approximation; it is an automatic consequence of 


‘the definition of the differential. The differential dy and the incre- 


ment δὰ are proportional, the coefficient of proportionality being 
f'(@). 


[Note that the increment Sy is not usually equal to the differ- 
ential dy, although they are approximately equal when δὰ is 
small. ] ; 


* This paragraph may be postponed, if desired. 
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In particular, we can assign a meaning to the symbol dx, which 
is the differential of the function = itself corresponding to the 
increment δα; for the differential coefficient of x is unity, so that 


dx = 1.52 
= δα. 


It follows that, if dy,dx are the differentials corresponding to 
the (arbitrary) increment dz, then 


dy = f'(x)du, dx = δα. 
Hence the differentials dy, dx satisfy the fundamental exact relation 
dy = f'(x) dz. 
The notation ἄν, ἄς for differentials is, of course, designed to 
agree with the composite symbol dy for the differential coefficient. 


dx 
In fact, if we divide the relation just given by dz, we obtain the 
equation d 
dy + = a 
dy 
or dy = a dx, 


and obtain τ as the actual coefficient of the differential dz. 


In practice, especially in physical applications, it is customary 
to use the symbols dy,dz when the increments dy, dx are really 
intended. 

With this incorrect usage, the equation 


dy = f'(x)dx 
is often written where dy = f' (x) dx 
is meant. 
The difference between dy, δὲ may be illustrated graphically, 
as in the diagram (Fig. 14). Let 
P(x, y), P’ (a+ dx, y+ dy) 
be two points of the curve 


y = f(z). 
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Draw PM perpendicular to the ordinate through P’, and let the 
tangent at P meet that ordinate in Q. Then 


PM = dz = dz, 


MP’ = ὃν. 


Moreover, 
= tan (angle between PQ, Ox) 
= f(x) (p. 23). 
Hence MQ = f'(x).PM 
= f'(x) da 
= dy, 
by definition. 


Thus MP’ represents 5y, while MQ represents dy. When δὰ is 
small, the difference between MP’, MQ is very small indeed; in 
fact, QP’ is then small in comparison with δα. 


_ Intustration 2. A wire is pulled out so that its length is increased 
by 1 per cent. Assuming that the wire can be treated as a cylinder 
of small cross-section and that the volume remains constant, by what 
percentage ts its diameter decreased? 
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Suppose that the constant volume is V and that the length 
is x. Then the area of a cross-section is V/z, so that the radius 
r is given by the relation 


r= |S) - ὐσι»)»-. 


Hence the differentials dr,dx are connected by the relation 
dr = —4,/(V/7)x-* dz, 


so that — =—-—, 


For small variations, the differentials are approximately in the 
same ratio as the increments, so that, if 


dx l 
z 100’ 
dr l 
then eT τ 900? 


and the decrease in radius (or diameter) is approximately 4 per 
cent. 
EXAMPLES VI 

1. If y = 52%, find the percentage increase in y corresponding 
to an increase of 2 per cent in 2. 

2. If y = 1/24, find the percentage decrease in y corresponding 
to an increase of 4 per cent in 2. 

3. Ify = 2x, find the approximate increase in y when z increases 
from 5 to 5-01, 


4, If y=1/J/x, find the approximate decrease in y when x 
increases from 16 to 16-03. 


13.* The differentiation of determinants. The process of 
differentiation when applied to determinants may be illustrated 
by the special case when the order of the determinant is 4. We 
then have 

Uy ὅς Us UG 
4% «4% «+ % 
UW, We Wy WU, 


Pi ἢ; Ps Pa 
* This paragraph may be postponed, if desired. 
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where 2, Ug, .--» Ps, P4 are all functions of the independent variable EXAMPLES VII 


x. By definition, : 
A = X( 44,0; W,p,), 1, Prove that, if A 
1)8 αἰ 2 
where the sign + or — must be taken according as the number sal (a+) ( 
of interchanges required to bring the four distinct integers i, 7, k, 1 A=| x (x+ 1) (e+2) |; 
to the order 1, 2, 3, 4 is even or odd. 1 1 1 
It follows that, if dashes denote differentiations with t to x, 
ollows tha , es deno respec aft * foes 4.2} 
δα πτν κὶ. ὁ. (ὦ A’= 3| 2 (x+1) (x+2) 
+2(+ U,V; W, P;) 1 1 l 
ἜΣ(Ε ὡς τ» τοι M1) 
ἜΣ(Ε u,v; Wy »ῇ). 2. Prove that, if (x—a)® (z-a}® ὃ 
Hence a a a A= | (z—b) (z-b) 1], 
δ. Me ὃς % (a—c)® (a—c)* 1 
A! = 
UW, Wy Wy Wy then (x—a)®> x—a 1 
‘2, Pa Ps Ps οὐ sili oul =a 
! ote) ἃ 


Uy Uy Uy Uy 
ἰξ my ὥς By OM 

UW We Wy Wz 

Pr Po Ps Pi 
Thus A’ is the sum of the four determinants each obtained by differ- 
entiating one row of A and leaving the rest unaltered. 

Similarly, A’ is the sum of the four determinants each obtained by 

differentiating one column of A and leaving the rest unaltered. 


CHAPTER III 
APPLICATIONS OF DIFFERENTIATION 


1. Illustration from dynamics; velocity, acceleration. 
Suppose that a particle is moving in a straight line so that its 
distance at time ¢ from a fixed point O of the line (Fig. 15) is 2, 


O x x40x 
P b 4 
Fig. 16. 


and at time ¢+ δὲ is στ δα. The particle describes the distance 
δα in the time δέ, and so its average speed in that time is 


on 
dt : 
We thus obtain an expression for the velocity at time t in the form 


or me es 


Let us denote this velocity by u, where 


dt’ 
and proceed to find an expression for the rate of change of 
velocity with time. This rate is, in accordance with our usual 
principles, 
lim —, 
st 0 δι 
where u+ du is the velocity at time ἐ- δέ. This limit, called the 
acceleration at time t, is 
du 
dt ᾽ 
d*x 


or (p. ) 35 — > 
(Pp. ) TE" 
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Note. Differentiations with respect to time are often indicated 
by dots on top of the dependent variable. Thus the velocity and 
acceleration are ὧς, ἀξ respectively. 


Suppose, for example, that a particle moves in a straight line 
so that its distance at time ¢ from a fixed origin O is asin nt; such 
motion is called simple harmonic motion. We have 


x = asin nt, 
so that 


and ἃ = —an*sin nt 


= ancos nt, 


= —n*x. 
Thus the velocity at time ¢ is ancosnt, and the acceleration is 
_an2sinnt. The acceleration, being also expressed in the form 
_n®a, is directed TOWARDS the origin and is in magnitude pro- 
portional to the distance of the particle from the origin. 


EXAMPLES I 
Find the velocity and acceleration of a particle moving in 8 
straight line so that its distance x at time ¢ from a fixed point 
is given by the following relations: 


1. z = coszt. 2. x = 8βῖη ἐπί. 
3. 2 = 5t—320*. 4. x = 32%. 

5. x = tsin ἐπί. 6. x = # cos ἐπί. 
7. x = (t—32) (t—64). 8. x = ἐβίη ἐπί. 


2. Maxima and minima illustrated. a 

Inzustration 1. A log of wood is in 
the form of a cylinder of radius a. It 1s 
required to cut as strong a beam as possible 
having rectangular section, on the assump- 
tion that strength is proportional to width 
and to the square of height (Fig. 16). 

If x,y denote the width and height 
respectively, and s the strength, then 


8 = kay’, 
where k is a constant depending on the nature of the wood. 


x 
Fig. 16. 
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By the theorem of Pythagoras, 
τιν = 4αξ, 
so that 8 = ἰχ(4αϑ -- 3). 


We have to find the greatest value of 8. 

For this purpose, draw a graph of 8 against x (Fig. 17). It is 
easy to obtain the shape shown in the diagram, where, of course, 
only the part between the values ὦ = 0,2 = 2a is relevant. 


Fig. 17. 


A glance at the diagram (Fig. 17) shows that the greatest value 
of s occurs where x = OM and s = MP. Now the characteristic 
quality of the curve, from which we shall be able to calculate 
these values of x and 8, resides in the fact that the curve has, as 
it were, ‘stopped rising’ at P, so that the tangent at P is parallel 
to Ox. In the language of Chapter I, §7, p. 16, the gradient of 
the curve is zero at P; that is, the greatest value of 8 occurs at a 


point where 
ds 


ae 


We have the relation 
8 = kx(4a®— 2?) 
= 4a* κα — kz’, 

ds 
dx 


Hence τ = 0 when “5 = 442, 


or w= +§a,/3. 


so that = 4a°k—3kx3. 
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The relevant value of x is positive, and so we see that the beam 


of greatest strength has width §a,/3, height ξα (6, and therefore 
strength 7fka3 /3. 


EXAMPLES II 
1, Taking k = 4, a= 1, draw the graph s = ἐχί(ά -- “αΞ), plotting 
the points which arise from ὦ = —3, — 24, —2,..., 2, 24, 3. 
2. By means of a graph, find the greatest value of the function 
y = 2x-—2". 
3. Find the least value of the function x* — 4a, 


3. The determination of maxima and minima. The dia- 
gram (Fig. 18) illustrates the graph of a function 


y = f(x) 


with the properties that the value of f(x) at P exceeds that at 
any point NEAR IT, while the value at Q is less than that at any 
point NEAR IT. The function f(x) has a maximum at P and a 
minimum at Q. 


Fig. 19. 


It is important to realize that the words maximum and minimum 
refer to the parts of the curve near P and Q respectively. Clearly 
the values at P and Q need not be the greatest or the least values 
of f(x) over the curve as a whole. 

To find the positions of the maxima and minima, we follow 
precisely the argument of Illustration 1 (p. 49). The criterion 


aia the gradient of the curve is zero 
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at a maximum or minimum. In other words, if the function f(z) 
has ὦ maximum or a minimum value where x = a, then 


f'(a) = 0. 
The converse result is NoT necessarily true At the point R in 


the diagram (Fig. 19) the gradient is zero, although the function 
has neither a maximum nor a minimum there. 


EXAMPLES III 


Find the values of x at which each of the following functions 
has a maximum or minimum value, and illustrate by sketching 
the curve y = f(z). 


1 αϑ 1. 2. χϑ--ῶᾳ. 3. 2-—32-4. 4. at—2272+7, 


5. sin 2. 6. sin2z. 7. cos2. 8. cos da. 


4. Increasing and decreasing functions. We should say 
that, from its appearance, the function f(x), whose graph is 
shown in the diagram (Fig. 20), is a steadily increasing function 
of «. We must now consider how this feature is to be interpreted 
in terms of the differential coefficient of f(z). 

If « undergoes a small positive variation Sx, then f(z), by 
definition, must increase, so that 


f(a + dx) —f(x) fe 
is positive. It follows that the quo- 


tient 
f(a+ dx) —f(x) 
ba 


is essentially positive, and so 


lim L(% + 8x) -- [() Fig. 20. 
éz—>0 dx 


is positive. Hence the differential coefficient of a function is positive 
in an wnterval where the function is increasing. 

Similarly, the differential coefficient of a function is negative in 
an interval where the function is decreasing. 

The converses of these two results are also true. 
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ILLUSTRATION 2, To prove that, if x is positive, the value of 
sin x lies between 


x3 x 275 
ay) and Gai ter 
Write “ - sine—2+5. 
Then u' = cosz—142, 
α΄ = —sinx+2, 
αι =—cosz+1, 


The differential coefficient of the function w’’ is 1—cosx, which 
is necessarily positive; hence w’”’ is an increasing function of 2. 
But u’'(0) = 0, and so u” increases steadily from zero. That is, 
μ΄ is positive when x is positive. 

The differential coefficient of the function w’ is wu”, which we 
have just proved positive; hence w’ is an increasing function of 2. 
But u’(0) = 0, and so w’ increases steadily from zero. That is, wu’ 
is positive when z is positive. 

Now consider wu itself. Its differential coefficient u’ has just 
been proved positive; hence τὸ is an increasing function of x. But 
u(0) = 0, and so τ increases steadily from zero. That is, w is 
positive when z is positive. 

Hence sin x exceeds —= for positive values of x. 

In the same way, by considering the function 


(eect ane 
De) Stra , 


we may prove that sin z is less than x ate for positive values 


of x. 
The result is therefore established. 


EXAMPLES IV 
1. Prove that, if 2>0, then 


ἜΣ UE ak ea 
2! 21° 4 
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2. Prove that, if x lies between 0 and z, then 


sinx>2xcos2. 


3. Prove that, if x lies between 0 and z, then 

xsinx+cos%>1+ 42? cosa. 

4, Find the ranges of values of x for which the following 
expressions are increasing functions, and illustrate your answers 
graphically: 

(i) “3 -- «. (ii) «8. ὦ -- 2. (iii) «8 -- 8. -- 3, 
(iv) 2?+1. (v) “"-- 227, (vi) 2a°—15x°+ 245. 


~ Ἃ The second differential coefficient and concavity. 
The diagram (Fig. 21) represents a curve where, in the ordinary 
sense of the phrase, ‘the concavity is upwards’. The curve, as 
usual, is the graph of a function 


y = f(x). 


Fig. 21. Fig. 22. 


As x increases, the corresponding point describes the curve 
between A and B, moving in the sense indicated by the arrow. 
The gradient is negative to the left of C and positive to the 
right, but the important thing is that it nNcCREASES STEADILY 
with x. At A the gradient has a fairly high negative value; 
between A and (Οὗ it remains negative but decreases in numerical 
value so that (being negative) it actually increases; at C it has 
_ increased to the value zero. After C, the gradient remains positive, 
and continues to increase. 

But the gradient of the function is f’(x), and the condition that 
f'() should increase is that rrs differential coefficient f’’(a) should 
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be positive. Hence the condition for the concavity of the curve 
y = f(x) to be ‘upwards’ during an interval a<x<b is that f(z) 
should be positive in that interval. 

In the same way, the diagram (Fig. 22) represents a curve 
whose concavity is ‘downwards’ between # and F, The gradient 
is positive at H, decreases steadily to zero at G, and thereafter 
continues to decrease as its value becomes greater and greater 
with negative sign. Hence the condition for the concavity of the 
curve y = f(x) to be ‘downwards’ during an interval e<x<f ts that 
f''(a) should be negative in that interval. 


6. Points of inflexion. The diagrams in §5 (Figs. 21, 22) 
illustrated curves in which the concavity was always upwards, or 
always downwards, in the interval considered. The present dia- 
gram (Fig. 23) illustrates a curve 


y = f(z) 


in which the concavity is ‘down- 
wards’ between U and W, but 
‘upwards’ between W and VJ, 
changing sense at the point W 
itself. 

The value of f’’(x) is negative 
to the left of W and positive to 
the right. At W, the value of 
f’’(x) is zero. 

It is instructive to trace the 

progress of the gradient as the 
curve is traced by a point mov- Fig. 23. 
ing from U, through W, to V. 
At U the gradient is positive, but it decreases steadily as the 
point approaches W; after W, however, the gradient begins to 
increase again, so that it has a minimum value at W. Hence the 
differential coefficient of the gradient vanishes at W; that is, 


f'"(e) = 0 
at W. 


A point such as W, where the concavity changes sense, is called 
a point of inflexion of the curve. 


Vy 
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The condition f’’(~) = 0 is necessary for a point of inflexion, 
but not sufficient to ensure it, as the first two examples below 
illustrate. 


EXAMPLES V 
1. Sketch the curve y = 423 for values of x between —2, 2. 
Verify that the curve has a point of inflexion at the origin. 


2. Sketch the curve y = 424 for values of x between — 2, 2. 
Verify that the curve has Nor a point of inflexion at the origin 


slthoush © vant 
thoug ΤΩΣ vanishes there. 


3. Sketch the curve y = }(2+.%) for values of x between — 3, 3. 


4. Sketch the curve y = }(4x—2) for values of x between 
— 4, 4, 


7. Discrimination between maxima and minima. We are 
now able to devise a method, which can be stated in two alterna- 
tive forms, for deciding whether a turning value of a function 
f(z) is a maximum or a minimum. The diagram (Fig. 24) shows 
the curve 

y = f(z) 
with a minimum at P and a 
maximum at Q (see p. 51). 

Form I. Consider the point 
P. The gradient there is zero, 
and the characteristic feature 
associated with the minimum 
is that the gradient passes from 
negative, through zero, to positive 
as x passes, in the increasing 
sense, through its value at P. Fig. 34. 

Thus: 

If f'(x) is negative for values of x just less than x, zero at x, 
itself, and positive for values of x just greater than %4, then f(x) has 
amnimum at x = 2. 

Similarly, if f’(x) is positive for values of x just less than x, 
zero at x, itself, and negative for values of x just greater than ΓᾺΡ 
then f(x) has a maximum at x = δι. 
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Form II. The first form just given may be reworded to state 
that the gradient of the curve is an increasing function of x at a 
minimum and a decreasing function at a maximum. Hence if 
f(x) is positive at a turning point, the function has a minimum 
there; and, if f’'(a) is negative at a turning point, the function has 
a maximum there. 

Note. It is often better to use the first form rather than the 
second, especially if (as often happens) the second differential 
coefficient is awkward to manipulate. 


IntustRATION 3. The potential energy of a uniform rod. 

Suppose that OA (Fig. 25) is a uniform rod, of length 2a and 
weight W, suspended from one end O. If it makes an angle @ 
with the downward vertical, the potential energy V is defined to 


be the function of @ given by the relation ὃ 
V = const.— Wacos θ. 

dV : 

vA θλα 
Hence 70 Wasin θ, 

2 
πὰ = Wacos@. G 
The significantly distinct values of @ which give a 


rise to the turning values of the potential energy are 
derived from the equation 


Wasin θ = 0, ‘4 
so that | @=0 or 2. Fig. 25. 
To distinguish between the cases θ = 0,7: 


Form I. 
(i) 9 = 0 (the rod hanging down). 


When @ is just less τ zero, τε is negative; and, when @ is 
just greater than zero, 70 is positive. Hence the potential energy 
is a minimum. 

(ii) θ = π (the rod ‘standing up’). 

When @ is just less than π, sin@ is positive, so that =i is 
positive; and, when @ is just greater than =, sin θ is negative, so 


that id is negative. Hence the potential energy is a maximum. 
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Form II. 
(i) @=0. 
dV : ae 
When 6 = 0, qe = Wa, so that V is a minimum. 
(ii) @= π. 


2 
When 6 = π, a — Wa, so that V is a maximum. 


EXAMPLES VI 


The positions of the maxima and minima of the following 
functions were found in Examples III (p. 52). Use both forms 
of test to distinguish between maxima and minima. 


1. x?+1. 2. x*— 2. 
3. χϑ -- 82 -- 4, 4. χ'-- 2.53. ἡ, 
5. sina. 6. sin 2a, 
7. οὐδ. 8. cos 4a. 
9. Prove that the curve 
y = χϑ -- 8.3 ---θα 
has a maximum where x = —1, a minimum where x = 3, and a 


point of inflexion where x = 1. Sketch the curve, and check that 
the concavity in your sketch agrees with the results of § 5 (p. 54). 
10. Find the results analogous to those of Ex. 9 for the curves 
(i) y = 23—12z, 
(11) y = 2a + 32. 


11. Find the maxima and minima of the function 
sin 32+ 3 βίη χ, 
and distinguish between them. 


12. For the function y = 2a3— 922+ 122, 


(i) find the maxima and minima, and distinguish between 
them, 


(ii) find the values of x for which y is (a) an increasing 
function, (δ) a decreasing function, 


(iii) sketch the curve. 
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8. The sketching of simple curves. The ability to sketch 
quickly the principal features of a curve 


y = f(x) 

is important for many purposes. The following properties are 
important: 

(i) passage through characteristic points; 

(ii) symmetry; 

(iii) the sign of f(x) for various ranges of values of ὦ; 

(iv) the gradient; 

(v) maximum or minimum values of f(x); 

(vi) the concavity. 
Common sense and experience must decide which of these 


properties seem likely to be most helpful for a particular curve. 
The illustration which follows is typical. 


InLusTRATION 4. Τὸ sketch the curve 
y = χϑ — 627+ 91 --Τ, 
By differentiation, 
y = 8.3-- 12. -Ἐ9 = 3(x—1) (x— 3), 
ν΄ = 6a—12 = 6(x—2). 
The critical features may be expected to be: 


(a) where y = 0, but it is not easy to find such points for this 
particular curve; 


(b) where y’ = 0, that is, where x = 1,3; 
(c) where y’’ = 0, that is, where x = 2. 


We may therefore construct a table as follows: 
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2. Κ(5})Ξ (ὦ -- 1) (α -- 3) (ὦ -- 8); α ΞΞ 1,6 = 2, 
3. [(5})Ξ χϑία -- 1); α -ξῷ, 0,ὖ - 1, 

4, {(5}ΞΞ χία -- 1)3; α τ 0, -Ξ 1. 

5. f(x) =sinz; a = π,ὃ = 2π. 

6. f(x) =cos*a; a = 47,6 = ὃπ. 


The concavity is ‘downwards’ for x <2 and ‘upwards’ for x> 3; 
there is a point of inflexion at (2,1), with gradient — 8. 

There is a maximum at (1,3) and a minimum at (3, —1). 

These features are all gathered together in the diagram (Fig. 26). 


EXAMPLES VII 


Sketch the curves given by the 
following equations: 


10. The mean value theorem. To verify that, if f(x) ts a 


l. y = 2%, 

7 function of x (continuous and) having a differential coefficient* at 
2y= 2, each point between x= a,x τὸ ὃ, then there exists a value ἕ of x 
3. y = 2? -—324+2. between a,b with the property that 
4. y = (x—1)(x—2) (w—3), 5 Ὗ f(b) = f(a) + (ὁ --αἡ ΄(ξ). 

5. y = x8 — 32. In the diagram (Fig. 28), let A,B be the points of the curve 
6. y = at — 222, y = f(z) for which =a,b, and draw AP perpendicular to the 


ordinate through B. Then 


f()—f(a)_ ΡΒ 
{a tan PAB. 


See also Examples V (p. 56). 
Fig. 26. 


9. Rolle’s theorem. To verify that if f(x) is a functi 
. i ; unction of x 
continuous between two points x =a,x=b, at each of which it 
vanishes, the curve y = f(x) having a tangent at all points between 
a,b, then there exists at least one value of x between a,b at which 
f'(x) vanishes. 


But the graph shows that 
there must be at least one 
point X between A, B where 
the tangent is parallel to AB. 
If this point is given by x = &, 


μὴν pny Cig. 27) is typical of the form which the graph then 
y = 7.3) must take, cutting the z-axis at the points A.B 7 (ὃ = 
eat obs κα δ Ρ , 6 corre f'(€) = tanPAB, 
We propose to regard it as obvious = so that 
from the diagram that there exists f(b)-f(a@) ,, 
between A,B at least one point b-—a = f'(é). 
where the tangent is parallel to — ' . 
the z-axis. For a rigorous proof, Ol A 3 This is equivalent to the required result. 
the reader should consult a more Aurrer. The following proof is instructive, and worthy of close 
advanced text-book. Fig. 27. study. It is the basis of the proof of a generalization of the mean 


value theorem to be given later (Vol. IT, p. 44). 
EXAMPLES VIII 


Verify Rolle’s theorem by actual calculation of f'(x), and also 
by drawing a graph, for each of the following functions: 


l. f(x) =a?-32+2;a=1,b = 2. 


* Having a differential coefficient ensures that the function is continuous. 
It should be noted, however, that the converse need not be true—a function 
may be continuous but not have a differential coefficient. For example, 
if y = +2 when = is positive and —z when =z is negative, then (i) y is 
continuous at x = 0; (ii) y’ = +1 when z is positive; (iii) y’ = —1 when 5 
is negative; but (iv) y’ does not exist when =~ is zero. 
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Define a function u(x) as follows: 


ua) = 4(0)— f(a) —[=L0)| 62, 


Since f(x) is continuous between a,b, so also is u(x). Further, it 
is easy to see that u(a) = 0,u(b) = 0, so that u(x) satisfies the 
conditions of Rolle’s theorem (p. 60). Hence there exists a value 
€ of x between a,b such that 


μ΄(ξ) = 0. 
we ener LO 
and so f'(é) = le ον 


as required, 


IntustraTion 5. To prove that, if f(x) is a continuous function 
of x such that f(x) =0 throughout a given interval, then f(a) is 
constant tn that interval. 


The result is, of course, obvious graphically, but the following 
proof is of interest. 


If 21,2, are any two values of x in the interval, then, by the 
mean value theorem, there exists at least one value of € between 
%4,X_ such that 


f(®2) = f(x,)+ (ως -- αὐ) [΄(ξ). 
But f'(é) = 0, 
and so f(%_) = f(x). 


Since this is true for all values of 2,, τῳ in the interval, f(a) must 
be constant. 


EXAMPLES Ix 


1. Prove that, if f(x) is a continuous function of x such that 
f'(x) = 2 throughout a given interval, then f(x) =22+6 in that 
interval, where ὦ is some constant. 

2. Verify the mean value theorem by calculating € for each of 
the following functions, and illustrate your results graphically. 

(i) f(x) =2";a=0,b = 2. 
(ii) f(x) ΞΞ 5" - Ἐπ; α -- 1,0 -- 3. 
(iii) f(x) ΞΞ «3 +32; α --ὸ -- 1, = 9, 
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11. The real roots of the equations f(x) = 0, f’(x) = 0. 
Suppose that we have to solve an equation f(x) = 0, and that the 
diagram (Fig. 29) represents the curve 


y = f(z). 

We restrict ourselves for the moment to the case when the roots 
are ALL DISTINCT. This restriction, the purpose of which is to 
ensure that f’(z) and f(x) are not both zero together, is essential 
for the work which follows. 

It is assumed, too, that 

the curve is continuous, 

with a continuously turn- 

ing tangent. 

Our aim is to discuss, 
without the analytical de- 
tail required for a full 
study, those properties 
which may be asserted 
with reasonable confidence Fig. 29. 
from a study of the graph. 

(i) The sign of f(x). If x is imagined to increase from —©o to 
Ἔσο, the value of f(x) changes sign every time that x passes 
through a point where f(x) = 0. Hence the number of (real) roots 
is equal to the number of changes in the sign of f(x) as x increases 
from —co to +00. 

If f(a), f(b) have the same signs, then there is an even number 
(or zero) of roots between a, b. 

If f(a), f(b) have ΟΡΡΟΒΙΤῈ signs, then there is an odd number of 
roots between a, b. 

In particular, if 

f(x) =ayu" +a,2"1+...4+4, 


is a polynomial in x of degree n, and if m is odd, then, for large 
negative values of x, f(z) has sign opposite to a), and for large 
positive values of x, f(a) has the same sign as a). Hence if f(x) is 
a polynomial of opp degree, the equation f(x) = 0 has at least one 
real root. 

(ii) The sign of f'(x). Suppose, for the sake of explanation, that 
the sign of f’(x) is positive at a point € where f(x) = 0. Then f(x) 
is an increasing function of x at x = ξ, so that the curve y = [(z) 
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goes ‘above’ the axis as x increases from £. As «, still increasing 
approaches the next root x = ἡ, the curve ‘drops’ towards the 
&-axis, 80 that f’(x) is negative there. Hence the differential co- 
efficient f’(x) assumes alternate signs at the successive roots of the 
equation f(x) = 0. 

Applying the result (i) above, we see too that the } 
f'(x) =0 has an odd number of roots (at least one) πων τς 
secutive roots of the equation f(x) = 0. 

(ili) Since f(x) has constant sign between successive roots of 
the equation f'(x) = 0, the value of f(x) either rises or, alterna- 
tively, falls ALL THE wAy between successive maxima and 
minima. Hence the equation f(x) = 0 has either one root or no 
roots between consecutive roots of the equation f’(x) = 0. 


ngs es, Fig. 806. 


When the roots of the equation f(x) = 0 are not all distinct, care 
must be taken in applying the rules. Thus the equation 


f (x) = 0, 
whose graph y = f(x) 
is shown in Fig. 30a, has a double root x = , co i 
the point A; and in Fig. 300 it has a triple root \ = vate δα, 
to the point B. The function f(a) has the same ign for values of : 
on either side of £, but opposite signs for values on either side of 
It is probably wiser (at any rate, for the present) to treat sail 


case on its merits as it arises rather than to seek 
ecbne & more elaborate 


ILLUSTRATION 6. If 


2 
Pi(zjel+e+—4...4% 
2! η}᾽ 
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prove that the equation P,(x) = 0 has no real roots when n is even 
and exactly one real root when n is odd. 

This is a typical problem. Assume that the result is true for 
n = 1,2,...,N. We prove that it is then true form = Ν᾿ +1. 

(i) Suppose that N is even. By the assumption, the equation 


Py (x) = 0 
has no real roots. 
Consider the equation 
Pyix(%) = 0. 


By direct differentiation, we have the relation 
Py 41 (&) = Py (2), 

so that Py,,(z) is never zero. Hence the polynomial Py,,, (2) 
either increases steadily or decreases steadily. But, since Ν +1 
is odd, Py,,(%) is negative for large negative values of x and 
positive for large positive values. (Indeed, Py,,(x) is obviously 
positive and increasing for positive x.) Hence, the graph 
y = Py4,(x) crosses the z-axis once, and once only, and the 


equation Py,, (x) = 0 has precisely one root. 
(ii) Suppose that N is odd. By the assumption, the equation 


Px (xz) = 0 
has exactly one real root, say ξ, which cannot be zero. 
Consider the equation 
| Pysi(%) = 9, 
where, as before, Py41 (2) = Py (2), 
so that Pri (&) = 0. 


The curve y = Py,, (x) therefore has a turning value at x = £; and, 
as this is the only turning value, while P,.,, (x) is large and positive 
(N +1 being even) for large positive or negative z, the turning 
point is actually a minimum and gives the least value attained 
by Py41(z). Moreover, 

᾿ ξ5 ἐν ἕΝ ει 

Ps (8) = (2 +$+5)+ eee ἘΠῚ) TW! 
ἕν ει 
“ΙΝ ΙΝ 
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since Py(£) is zero. Hence, as Ν +1 is even, and ξ is not zero, 
Py+:(€) is positive. Since the least value of Py+3(x) is positive, 
Py4+,(x) can never be zero. 
The result is therefore true for N +1 whether N is even or odd. 
But itis clearly true form = 1. Hence it is true for n = 2,3, 4, 5, ..., 
and so generally. 


EXAMPLES X 
1, Prove that, if f(~)=2?(1—~2)?, then the roots of the equation 
f(x) = 0 are distinct, and lie between 0 and 1. 
Prove the corresponding result for the equation g’’’(x) = 0, 
where g(x) =2°(1—2)8, 
2. Indicate in a single diagram the relative positions of the roots 
of the equations 


ὯΝ ὩΣ ὧν 
x a? ot 


12.* Mean value theorems for two functions. 


(i) Caucuy’s Mean Varun ΤΉΒΟΒΕΜ. To prove that, if the 
functions f(x), g(x) have differential coefficients which do not vanish 
simultaneously in the interval a, ὃ, and if g(a) is not equal to g(b), 
then there is a number & between a, ὃ for which 


f(b)-f(a) _ f'® 
g(b)—g(a) σ΄ (ξ)" 
Introduce a function F(x) defined by the relation 
F(x) =f (x)+Ag(x) +B, 
where A, B are constants chosen so that 
F(a)=f(a)+Ag(a)+B -- 0, 
(δ) Ξε [(Ὁ}) -- Αρ(δ)- Β = 0. 


These two equations can be solved for A, B since g(a), g(b) are 
not equal. 


By Rolle’s theorem, there is a number € between a, ὁ such that 


P(E) = 0. That is, 


ΓΘ + Ag'(£) = 0. 
* This paragraph may be postponed, if desired. 
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Moreover, g'(€) cannot be zero; if it were, this equation would 
make f’() zero also, contrary to the first hypothesis. Hence we 


may divide by σ΄ (ξ), giving 


But, by direct subtraction, 
F(b)— F(a) = {f(6)—f(@)} + Αἰσ(θ) -- σ(α)}, 
so that, since #(b) = F(a) = 0 and g(b)—g(a) is not zero, 
f0)— fla) ὁ 
θ(Ὀ) -- σία) 
H f(6)—f(@) _ f(é) 
εὐὶ g(b)—g(a) (2) 


(ii) To prove that, if the functions f(x), g(x) have second differ- 
ential coefficients such that f’’(x),g’’(x) do not vanish simultaneously 
in the interval a—h,a+h, and if g(at+h)+g(a—h)—29(a) ts not 
zero, then there is a number & between a—h,a+h for which 


fla+h)+fa—h)—2f(a) (ὃ), 
g(a+h)+g(a—h)—29(a) σ΄ (ξ) 
Introduce a function F(x) defined by the relation 
F(x) =f(x)+ Ag(x)+ Bu+C, 
where A,B,C are constants chosen so that 
F(at+h)=f(at+h)+Ag(at+h)+Blat+h)+e =0, 
F(a—h)=f(a—h)+ Ag(a—h)+ Βία -- δ)- Ο = 0, 
F(a) =f(a) +Ag(a) +8Ba +C=0. 


By Rolle’s theorem, since F(a) = F(a+h) = 0, there is a number 
ἔξ, between a,a+h such that F’(é,) = 0; and, since 
F(a—h) = F(a) = 0, 
there is a number €, between a—h,a such that F’(€,) = 0. 
Now apply Rolle’s theorem to the function F(x), which 


vanishes when x = €,, .. There is a number & between ξι» &,, and 
therefore between a—h,a+h, such that F’’(£) = 0. That is 


Γ΄ (ξ) + ρ΄ (ξ) = 0. 
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But f’(€),9’(g) are not both zero, by hypothesis, and so σ΄ (ἢ 


cannot vanish. Hence 
a 
σ΄ (ξ) ὃ 


Moreover, from the three equations for A, B,C, we have 
{f(a +h) +f(a—h)—2f(a)}+ A{g(a+h)+9(a—h) —2g(a)} = 0, 
so that, since g(a+h)+g(a—h)— 29(a) is not zero, 
fa+h)+fa-W)-2fa)_ 
g(a+h)+9(a—h)— 2g(a) ~~ 
Le) 
9΄ (ξ)" 


13, Application to certain limits. To prove that, if f(x), g(x) 
are (continuous) functions such that f(a) = g(a) = 0, and if f’(a), σ΄ (α) 
both exist (σ΄ (α) +0), then 

tim L@) _ Τα) 
a>ag(x) g'(a) 
Since f(a) = g(a) = 0, we have the relation 
P f(x) — f(a) 
fiz) _ “-ἃ 
g(x) ~ Gee)—gay (τα) 
x—a 
Now let xa. The right-hand side tends to the ratio (which, by 
hypothesis, exists) of the two differential coefficients at x - a, 


so that sil fle) 5 f'(a) 
a>ag(%) g'(a)’ 
EXTENSION.* More generally, if f(x), g(a) are (continuous) func- 


tions such that f(a) = g(a) = 0, and if f’(x)/g'(x) tends to the limit | 
as x tends to a, then 


hat prove this, we use Cauchy’s mean value theorem (p. 66), 
that 
. f(x)—fla) γι 
9(5) --(α) σ'(ξ) 
* This extension may be postponed, if desired, 
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for a number ἕ between z,a. As x tends to a, the number £ must 
tend to a also, and so 


2—>ag(X) ga g(x) -- σία) 
im (8) 

onag'(é) 

im £2) 


aag (2) 


" £® — tim L-F@) 


Notz. This extension (which the reader who has not yet 
studied Cauchy’s mean value theorem may accept without 
proof) leads to a ‘continuation’ process for evaluating the limit 
}(x)/g(x), assuming existence and continuity where necessary: 


(i) If f(a) = g(a) = 0, but g’(a) +0, then 
im 1%) _ [() 
mgt) g(a) 
(ii) If also f’(a) = g'(a) = 0, but g’’(a) +0, then 
afte) ᾿ς f(a) 
aa g(x) ~— σ΄ (α)᾽ 


fim £0) _ ΓῺ 


2—+>ag(X) τὰ g’"(a)’ 


so that 
and so on. 


ILLUSTRATION 7. Το evaluate the limit 


l—cosz 
lim ;. 
---»Ὁ ΔΝ 


If f(x)=1-—cosz, g(x) = 2%, 
then f(0) = g(0) = 0. Also 
f(z) =sinz, g'(x) = 2a, 
so that f’(0) = g’(0) = 0. We therefore proceed to the next stage 


f(x) =cosz, g(x) = 2, 


so that f'(0)=1, g'(0) = 2. 
l—cosz 1 
Hence lim = -- 
7 wee "s 
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EXAMPLES XI 
Use the method of § 13 to evaluate the following limits: 


, l—z . (1-2) 
1, i 2. ii , 
a>1 1-2" e+, 1-2 
8. tin =, 4 Yen 
e>2 %—2 z>o © 
— si 2 
5. lim x sin 6 iim sce =. 
zo z>o & 


REVISION EXAMPLES I 
‘Alternative Ordinary’ Level 


1. Differentiate the following functions with respect to 2: 
(i) cosx+asina, (ii) (3a—1)(~-—3), (iii) 1/(1+2°). 
2. Differentiate with respect to x: 


(i) 2 /(l—2), (ii) sin?xzcos*z, (iii) 5:5. 


3. Differentiate with respect to z: 


) ee), (ii) tan? x. 


(i 
4, Prove from first principles that the differential coefficient of 
1/a? with respect to x is — 2/x%. 
Differentiate with respect to x: 
᾿ | 
ὦ) (e+2), Gi 
5. Differentiate with respect to z: 
(i) a%(1+2)%, (ii) sin*2x, (iii) (122%). 
6. Differentiate the following with respect to z: 
(i) “3(8 -- 35), (ii) sin2ecosz, (iii) 1/,/(1—2*). 
το ἢ, Find the equation of the tangent to y = ἢ at the point (1, 1) 
and of the tangent to y = $2° at the point (2, $). 


Show that these tangents are parallel and that the distance 
between them is },/5. 


sin x 


Taine’ (iii) γ(α3-- α᾽). 
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8. The curve 


cuts the z-axis at the points O(0,0),A(1,0), B(2,0). Find the 
equations of the tangents at O, 4, B. 

Find the coordinates of the point at which the tangent at A 
cuts the tangent at B. 


y = χία -- Ἰ)(α-- 2) 


9. Find the x-coordinates of the points on the curve 
y = (e+ 1) (e—2)? 


at which the gradient is zero, and test whether y has a maximum 
or minimum value at each of the points that you have found. 
Also find the x-coordinate of the point at which the tangent is 
parallel to the tangent at the point (3, 4). 
Draw a rough sketch of the curve. 


10. Find the equation of the tangent to the curve 


y= 2+427+1 
at the point (—1, 4). 
Find the coordinates of another point on the curve where the 
tangent is parallel to that at the point (—1, 4). 


11. Find the coordinates of the points of intersection of the 
line 3y = x with the curve 


y = x(1—2*), 


If these points are in order P,O,Q, prove that the tangents to 
the curve at P,Q are parallel, and that the tangent at O is per- 
pendicular to them. 


12. Find the equation of the tangent to the curve 


y = x8 — 9x? + 202 -- 8 
at the point (1, 4). 
At what points of the curve is the tangent parallel to the line 
ἄχ = 3? 


13. The point (ἢ, 1) lies on the curve y = 335-18, Find the 
gradient at this point and the equation of the tangent there. 

Hence find the equations of the two tangents to the curve 
which pass through the origin. 
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14. Prove that the equation of the tangent to the curve 
at the point (1,3) is 22—y+1= 0. 

Find also the abscissae (x-coordinates) of the points on the 
curve at which the tangents are perpendicular to the first tangent. 


15. A curve whose equation is 
12y = ax + bz*+cx+d 


has the following properties: 


(i) it passes through the origin, and the tangent there makes 
an angle of 45° with the axis OX; 


(ii) it is parallel to the axis OX when x = 1 and when z = 2; 
determine a,b,c,d and sketch the curve. 


16. Find the maximum and minimum values of the expression 
v4 + 443 — 9.3 .-. 124+ 2, 
distinguishing maxima from minima. 
17. Find the maximum and minimum values of the function 
4(x ert 2)? (x + 4), 


carefully distinguishing between them. 
Use these results to sketch the graph of the function, and find 
the equation of the tangent at the point (0,2) on the graph. 


18. Find the points on the curve 
y = 27° -- 8.3 -- 1274 20 


at which y has a maximum or minimum value. 
Use your results to make a rough sketch of the curve. 


19, Find the points (2, y) on the curve whose equation is 
y = x8 — 62° + 9x42 


at which y is a maximum or minimum. 
Use your results to draw a rough sketch of this curve. 


20. Find the gradient of the curve 
y = 2 — 5a? —47+12 
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at the point (2,0) and determine whether y has a maximum or a 
minimum value at this point. Illustrate your answer by a rough 
sketch showing the slope of the curve in the neighbourhood of 
the point. 


21. Find the coordinates of the points on the curve 
y = «ὃ -- 627+ θ2 -- 2 


at which the tangents are parallel to the x-axis. 

Show that the slopes of the tangents at points whose abscissae 
(z-coordinates) are less than 1 are all positive, and that at points 
whose abscissae lie between 1 and 3 the slopes are negative. 

Sketch the curve, and state what you infer as to the nature of 
the roots of the equation 


x? — 622+ 9. -- 2 = 0. 


22. A particle is moving along a straight line in such a manner 
that its distance from a point O on the line at time ¢ sec. is given 
by x = pt?+qt®, where p and q are constants. Find the velocity 
and acceleration of the particle at time ¢ in terms of p,q, ἕ. 

Find also the values of p and g for which the maximum velocity 
is 48 ft./sec., this velocity being attained when ¢ = 4. 


23. OX and OY are two perpendicular straight roads, and A 
is a fixed point on OX, distant a ft. from O. A motor-cyclist P is 
travelling along OY at a constant speed v ft./sec., and at time ¢ 
the angle OAP is @ radians. Prove that the rate of increase of 
the distance of P from A is vsin@ ft./sec. and that the rate of 
increase of the angle @ is (v/a) cos? @ radians/sec. 


24. A particle moves along the z-axis in such a way that its 
distance x ft. from the origin after ¢ sec. is given by the formula 
2 = 27t—2t?. What are its velocity and acceleration after 6? sec? 

How long does it take for the velocity to be reduced from 
15 ft. per sec. to 9 ft. per sec., and how far does the particle 
travel meanwhile? 


25. A point moves along a straight line so that, at the end of 
ἐ sec., its distance from a fixed point on the line is #—2/*++¢ ft. 
Find the velocity and acceleration at the end of 3 sec. 


26. A particle moves along a straight line so that its distance at 
time ¢ from a given point O of the line is x, where x = tsint+ cost. 
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Find its velocity and acceleration at time t. 
Prove that the particle is at rest at the times 


t = 0, ἔπ, ἔπ, ὅπ, 377, .... 


27. The angle C of the triangle ABC is always right. If the 
sum of CA,CB is 6 in., find the maximum area of the triangle. 

If, on the other hand, the hypotenuse AB is kept equal to 4 in. 
and the sides CA, CB allowed to vary, find the maximum area of 
the triangle. 


28. A man wishes to fence in a rectangular closure of area 
128 sq. ft. One side of the enclosure is formed by part of a brick 
wall, already in position. What is the least possible length of 
fencing required for the other three sides? (Prove that your 
result gives a minimum.) 


29. B is a point a miles due north of A, while C is 3a miles due 
east of B; P is a variable point on BC at a distance x miles from B. 
A man walks straight from A to P at 4 miles per hour and then 
straight from P to C at 5 miles per hour. Prove that the time 
for the whole journey is, in hours, | 


+,/(a? +2") +4(3a—2). 


Find what the value of x must be for the time taken on the 
whole journey to be a minimum, and also find this minimum time 
in hours. 


30. A statue 12 ft. high stands on a pillar 14 ft. high. A man, 
whose eye is 5 ft. above the ground, stands at a distance zx ft. 
from the statue. Prove that the angle θ which the statue subtends 
at his eye is given by the equation 


122 


Εν ρον 557 


Find the value of x for which @ is as great as possible, giving 
your answer correct to one place of decimals. 


31. A rectangular tank, open at the top, on a base x ft. by 
y ft. and of height x ft., is to be constructed of iron sheeting 
(whose thickness may be neglected) of total area 1350 sq. ft., so 
that the volume of water which it can contain is a maximum, 
Find this maximum volume. 
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32. Post Office Regulations restrict parcels to a maximum 
length of 3 ft. 6 in. and a maximum girth of 6 ft. Find the 
maximum permissible volume of a rectangular parcel. 

Find also the length of the longest thin rod which can be packed 
inside a parcel of maximum permissible volume, giving your 
answer in feet to three significant figures. 


33. An open tank is to be constructed with a horizontal square 
base and four vertical rectangular sides. It is to have a capacity 
of 32 cu. ft. Find the least area of sheet metal of which it can 
be made, 


34. A piece of wire of length J is cut into two portions, the 
length of one being x. Each portion is then bent to form the 
perimeter of a rectangle whose length is twice its breadth. Find 
an expression for the sum of the areas of these rectangles. 

For what value of x is this area a minimum? 


35. Prove that, if the sum of the radii of two circles remains 
constant, the sum of the areas of the circles is least when the 
circles are equal. 


36. A farmer has a certain length of fencing and uses it all to 
fence in two square sheep-folds. Prove that the sum of the areas 
of the two folds is least when their sides are equal. 


37. A piece of wire of length / is cut into parts of lengths x 
and /—z. The former is bent into the shape of a square, and the 
latter into a rectangle of which the base is double the height. 
Find an expression for the sum of the areas of these two figures. 

Prove that the only value of x for which this sum is a maximum 
or a minimum is 2 = #1; and find which it is. 


38. The vertex and circumference of the base of a right circular 
cone lie on the surface of a sphere of radius R. The centre of the 
sphere lies inside the cone. It is a known result that, if the height 
of the cone is x, its volume is 4727(2R—z2). Prove that, if R is 
unaltered while x is increased by a small quantity h, the volume 
of the cone is increased by 472(4R—32)h approximately. 


39. A cubical block of metal is heated and expands slightly. 
If its volume increases by ἢ per cent, show that the length of 
each edge increases by 4h per cent approximately. 

By what approximate percentage is the surface area increased ? 
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40. A body consists of a cylinder of variable radius x in. and 
fixed length 10 in. closed at each end by a hemispherical cap of 
radius x in. The volume of the body increases at the rate of 
144 cu. in. per sec. At what rate per sec. is x increasing when 
x= 3? 


41, It is known that, if / in. is the length of a pendulum and 
t sec. the time of one complete swing of the pendulum, 7 is pro- 
portional to ἐξ. If the length of the pendulum is increased by 
h per cent, where ἢ is small, show that the time of the swing is 
increased by 4h per cent approximately. 

A clock loses 30 sec. per day of 24 hr. Should the pendulum be 
lengthened or shortened to make the clock keep correct time, and 
by what percentage? 


42, The height of a closed cylinder is 3 in., and remains constant. 
The radius of its base is 2-5 in. and it is increasing at the rate of 
0-01 in. per sec. At what rates are (i) the volume, (ii) the total 
surface of the cylinder increasing? 


43. A sphere is expanding so that its surface is increasing at 
the rate of 0-01 sq. in. per sec. Taking 7 = 42, find the approxi- 
mate rates of increase of (i) its radius, and (ii) its volume at the 
instant when its radius is 5 in. 


44. The volume of a spherical lump of ice ¢ hours after it has 
begun to melt is V cu. in., its surface is 8 sq. in. and its radius 
<a die dV dr 
18 7 1η, If —- = —38, find ai’ 

What is the rate of decrease of 8 in square inches per hour 
when r = 1? 


45. A solid rectangular block of metal expands by being heated 


through a certain range of temperature, the percentage increase 
in its length, breadth and thickness being the same. It is found 
that the percentage increase in its volume is h, where h is small. 
Find the approximate percentage increase in the length of the 
block. 


CHAPTER IV 
THE IDEA OF INTEGRATION 


1. The area ‘under’ a curve. The diagram (Fig. 31) repre- 
sents the graph of the function 
y = [(] 


for values of x between a,b. We assume for the moment that the 
curve rises steadily from its value at a to its value at ὃ, and lies 


Fig. 31. 


entirely above the z-axis* The ordinates AF, BG are drawn for 
ῳ = a,b respectively. 
Our problem is to find an expression for the area of the figure 
ABGF. 
The basic definition of an area to which we appeal is that, if a 
rectangle is drawn with sides of lengths p,q, then its area is pq. 
* An example will be given later (p. 84), when the reader has acquired 


more experience, to illustrate the treatment when some of the curve Κα 
lies above, and some below, the z-axis. 
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We therefore seek to attach rectangles as closely as may be to 
the figure 486. 


Divide the segment AB of the z-axis into πὶ parts, not neces- 
sarily equal in length, 


AM,, M,M,, M, My, ...,M, 2M, 1, My, B. 


For convenience of notation, call A,B the points M,, M,; then 
the intervals are 


My M,, M, Mz, M, My, ...,M,,»M,,4,M,-,M,,. 


Through each point M,, M,, M,,... draw the ordinate, meeting the 
curve in points Fy, A, P,,...; let the lengths ΔΗ. UP, M,P,, ... 
be denoted by the letters y,,4,,4,.... (The diagram (Fig. 31) 
illustrates the case = 8.) 


Complete the two sets of rectangles 
MM, N, Py, M,M,N,P,, M,M,N,P,, M,M,N,P,, ... 
and = MM, P, Ly, UMP, L,, M,M,P,L,, M,M,P,L,,... 


shown in the diagram. We propose to regard it as obvious 
intuitively that the area ABGF lies between the sum of the 


areas of the first set of rectangles and the sum of the areas of 
the second set. 
Now write 


M,M, = δας, MM, = δα,, MM, = δας, , ΜΗ, = δας, 006 
Then the two sums of areas of rectangles are 
Yq OX q+ Ys δὰ, + Yo δας, + Ys δας + oe. 
and Y 8 + Yo δα, + Ys δας Ἔ ψ δας Ἔν...) 
or, in more concise notation, 


n-1 


Σ Y; 8X4, 


n—1 


Σ Yir1 δῶρ. 
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Thus, if A is the required area, 


n—1 m—t 
Σ ψιδα,«Δ « ~ Yr Oty. 
0 


We may now suppose that the number πὶ of intervals is taken 
larger and larger, while the length of each interval becomes 
smaller and smaller. Then the area of a typical ages of re 
first set, sa ΝΣ becomes progressively nearer an 
nearer to the ae ney corresponding rectangle M,M,,,P;,,1, 
of the second set. In the limit, as the number of intervals increases 
indefinitely, their size decreasing indefinitely, the two sums 


n—-1 n—1 
~ ψ,δα,, Σ Yir1 δας 


approach equality, the sum of the areas of the small rectangles 
‘covering’ the arc F/G shrinking to zero. 
This common limiting value is known as the area of ABGF. 


ILLUSTRATION 1. Τὸ find the area ‘under’ the curve 
y=} 
between the ordinates x = 1,x = 2. 


Fig. 32. 


Divide the interval between the two points A(1,0), B(2,0) into 
n equal parts (Fig. 32), The points of division occur where 


1 2 (n—1) 
n 


t= 1,1+—,1+4+-,...,1+ 9a 
nN nN 
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In the notation of the preceding paragraph, 


1 I 1\? 2\2 3 
Yo = 4’ νι 5 (145) πα (145) Ye = 4 (145) ΩΣ 


n—1 n—1 7\2 
Hence Σ ψεδα;, = > 3 (1+5) 1 
0 0 γι 

] 7-1 2 4 
ΠΩΣ ΠΕΡῚ 


Now it is proved in text-books on algebra that 


Si = $k(k+1)(2k+1), 


π-ὰ 1 2 (n—1)n 1 (η-- 1) η(2η -- 1) 
πὶ π Σ 6 
)(2n—1) 


τι ante + ee 


1 


2n*—3n+1 
6n 


a 12n? — 6n + 2n?—3n+1 
24n? 


_ 14n?-9n+1 
τ: 94ῃ3 


2 


πὶ, 
12. 8η 
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If m increases indefinitely, the number of intervals becomes 
larger and larger while their magnitude becomes smaller and, 
smaller. In the limit, as noo, 

n-1 7 
Σ Y, 9X,> 13° 
In the same way, 
Ἔχω; δα; = ἜΣ ( + “τ 
0 0 

It can be proved similarly that 

n—-1 7 
Σ ψωαδα, τὸ 19᾽ 


Thus the two sums have the same limit, which is the area of 
the figure ABGF. Hence the area is τὸ square units. 


EXAMPLES I 
n—1 7 
0 


2. Use the method of Illustration 1 (p. 79) to prove that the areas 
‘under’ the curves y = 2 and y = x* between z = 1 and x = 2 are 


k 
ὃ and ΖΡ respectively. [You are given that δὴ i? = 4k2(k+1)?.] 
0 


2. The integral. The ideas which we used in § 1 can be put 
in a somewhat more general form. Suppose that f(x) is a function 
of x defined between the values x = a,b. As before, we divide the 
interval into n parts, not necessarily equal, at points where x 
assumes in turn the values 


a, 71, Xo, X35 “»...7 Ln—o Ln—1w b. 


For convenience of notation, we also write ἄρ = a, x, = 6. 
Consider a typical interval (x,;,x,;,,), whose length we denote by 


the symbol δα;, so that 
δας = ὥρῃ τς 


Throughout that interval, f(x) assumes a succession of values, and 
these will (for ordinary functions) have a greatest value and a 
least value. We denote the least value of f(x) in the interval 
(%;,%;41) by the symbol m,, and the greatest value by Y,. 


᾿ς Hence the sum 
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Now form the two sums 
n-1 
8, = by mM; δα, 
0 


n—1 
5, δα > M, 52;. 
0 


These correspond to the sums 


n-—1 


n—-1 
~ ψεδα;; " Yirs Oy 


respectively in §1 (p. 78); but here we are not assuming that 
the least and greatest values m,, MU, in the interval (x,,2,;,,) occur 
at its end points. 

Suppose that the number of intervals is taken larger and larger, 
while the magnitude of each interval becomes smaller and smaller. 
The two sums s,,, 8, tend to limits which we call 8, S respectively. 
We assume without proof the theorem that the values s,S are 
independent of the way in which the subdivisions proceed to 
their limit. 


Dertnition. When the two limiting sums s,S are equal, the 
function f(x) is said to be INTEGRABLE between a, b, and their common 
value is called the integral of f(x) between the limits a, b. 

Thus Illustration 1 (p. 79) tells us that the function }2? is 
integrable between the limits 1,2, and that the value of the 
integral of 42? between the limits 1,2 is τίς. 


Corotiary. If we replace m, or M, in the definitions by f(¢,), 
where ἔ, is any point of the interval 52,, then 


Er ξ δα; 


lies, by definition of ηι,, .,, between the two sums 


n—1 n—-l 
Σ γι; δὰ,» Σ Μ,δα,. 


ἋΣ Λέρδοι 


also has as its limit the integral of f(x) between the limits a,b. 
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3. Notation. We have seen that the integral of a function 
f(x) between the limits a,b is the common limiting value assumed 
by the sums 


n—1 
2 Mm; OX;, 
0 
n-1 
Σ M, 524, 
or, by the preceding corollary, 
n—1 
Σ S(&;) δα; 
To imply that we are to sum over an ‘infinite’ number of 
intervals, we replace the symbol of swmmation X by a symbol of 
integration if we also replace the particular x; by the current 


variable x, and, instead of the notation δὰ; for the very small 
increment at the point x,, we write the symbol dz. The result is 
the notation 


b 
[ ferae 
to denote the integral of f(x) between the limits a,b. For example 
(p 8 81), 1 7 


CoRroLxaRyY (i). It is an immediate consequence of the definition 
of an integral as summation over sub-intervals that 


6 ὃ 
[ferdes [Ferae = [7ωλα. 
CoROLLARY (ii). When a = ὦ, it is clear that 
[ α)ά; = 0, 


ΟΟΒΟΙΑΒῪ (iii). We can use Corollaries (i), (ii) to give us an 
interpretation for the integral 


[ “fla)de (a<b), 
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which has not yet been defined. We adopt the meaning, consistent 
with (i), that 


[seraes [κά = [rerae 
=0 (by (ii). 
[rere ἘΞ [ “#ee) dee. 


Thus the value of an integral is changed in sign by interchange of 
the limits. 


That is to say, 


4. The sign of the area. The value of an integral, defined as 
the limit of the sum 


n—1 
Σ 7(αρ) δα, 


may easily be negative in cases where f(x) is not restricted to a 
positive value. 

Suppose, for example, that the func- 
tion f(x), whose graph 

y = f(x) 

is illustrated in the diagram (Fig. 33), 
is positive in the interval (a,c) and 
negative in (c,b), being zero at c where Fig. 33. 


the curve crosses the z-axis. If A, B are 
the values (essentially positive) of the two areas indicated, then 


ΕΣ [ f(a) daz 


as before; but B=- [ 4x)de, 
c 


since the area is the limiting value of the areas of a number of 
rectangles of typical length dx, and ‘height’ —/(2,), this being the 
numerical value of the negative number f(x;). Hence 
δ 6 b 
[fede = [nears [ perae 
a c 
= A-B, 


and this may be positive, negative, or zero. 
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It follows that it is always wise to sketch a diagram when cal- 
culating the area ‘under’ a curve. 

Further, and more detailed, treatment of areas contained by 
closed curves will be given later (Vol. 11, p. 128). 


5. Definite and indefinite integrals. Consider the integral 


[ feo. 


Its value depends on each of the limits a,b, so that it is, in fact, 
a certain function of a, b. 

Suppose that the lower limit a has an assigned value, but that 
the upper limit ὁ is subject to variation. In order to imply this 
ability to vary, we change the name from ὦ to #. The value of 
the integral is then a function of #, and we may write 


ud) Ϊ "#le) den 


Having done this, it is customary to drop the bar from the 
symbol #, thus denoting the upper limit by the letter 2 itself, and 
to write 


ua) = [ "fede. 


The symbol x is now doing double duty, as the variable in the 
function integrated, and as the upper limit of integration. This 
double use sometimes troubles beginners, and it should be watched 
carefully. The point is sometimes met by changing the name of 
the variable in the function integrated to the letter ὁ. We then 
have 


u(x) = { “f(t) dt. 
a 
[It may be useful to point out explicitly that the value of an 


integral is not affected by changing the name of the variable 
integrated, the limits being unaltered. Thus 


[rae = Ϊ “flu)du.] 
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We now notice that a change in the lower limit a merely affects 
the value of u(x) to the extent of an additive constant. For let 
1, ας be selected as two values of the lower limit. By Corollary (i), 
p. 83, we have the relation 


[serae = [rears [ “Sle)adz, 


and the expression [Ferd is a constant, unaffected by a change 


a, 
in the value of the upper limit x in the other integrals. 

Finally, it is customary in many problems to leave the lower 
limit unspecified. We then obtain an integral which might be 
written 


[ feerae, 


but which is in practice written in the simple form 


[γώ 


with limits omitted. This is a function of x, determined to within 
an additive constant whose magnitude is arbitrary because of the 
unspecified lower limit. 


b 
The integral [ αγάα 
α 
with given limits is called a definite integral, and the integral 


[γα 


with unspecified limits is called an indefinite integral. 


6. The evaluation of an integral. The process of calculating 
the value of an integral by subdividing an interval, summing, and 
proceeding to the limit is usually troublesome, and simpler alterna- 
tives must be found. In practice, it is often easier to find the 
indefinite integral first and then the definite. The fundamental 
link is found in the following theorem: 


THE EVALUATION OF AN INTEGRAL 87 


If g(x) is a function of x defined as the integral of a continuous 
function f(x) in the form 


g(e)= | fede, 
then the differential coefficient g’(x) exists, and 


g'(x) = f(z). 


In other words, g(x) is a function whose differential coefficient 


is f(x). 
In order to prove this theorem, we go straight to the definition 
of a differential coefficient, and consider 


g(x +h) —g(z). 
If the lower limit of integration is a, then 


ἘΝ xz 
y(a-+h)—g(z) = [ Πα)ά:-- [ Ia) de 


= [7 reac. (Corollary (i), p. 83) 


Now suppose that x, is a value of x at which f(z) takes its least 
value in the interval (z,x+h), and that 2, ἰβ ἃ value of x at 


which {(4} takes its greatest value. Then, by the very definition 
στὰ 

of an integral, the value of Ϊ f(x)dz lies between hf(x,) and 

=z 


hf(x,)—-since h is the length of the interval of integration. Thus 


στὴ 
[ας 
lies between hf (ao), Af(x), 


g(x +h) -- σ(α) 
and so h 


f(%o),  f(%1)- 


Now take h to be progressively smaller and smaller. The values 
2,2, ultimately coincide with ἃ itself, so that, since f(x) is 
continuous, 


lies between 


fem HE +2) —9le) 
h 


h—0 
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lies between two values which in the limit are each f(x). Hence 


Hor\ = Vern 95 +4) -- σία) 
g(x) aoe ST Ghee 
exists, and its value is f(x). 

Thus g'(x) = f(@). 


We therefore have the rule: 

In order to integrate the function f(x), we must find a function 
g(x) of which it is the differential coefficient. (Note the implication 
that g(x) is continuous; compare the footnote on p. 61.) 


Note. If C is any constant, 
d 
Fa 9) ΟἹ Gg (x), 


so that g(x) is undetermined to the extent of an additive constant 
(compare p. 86). 
Finally, we prove that the integral 


g(x) = ΠΣ 


as evaluated by the rule g'(x) = f(x) 


is unique apart from the additive constant. 
Suppose that, on the contrary, h(x) is another function such 


ὌΣ Μ'() = 7}. 
Write u(x) = g(x)—h(2), 
where u(x) is continuous since g(x), h(x) are. 
Then u’(x) = g'(x) -- λ΄ (“) 
= f(x) —f(e) 
= 0. 


Hence (p. 62) the function u(x) is constant. 
Another way of stating this result is that the equation 


oY = f(a) 


leads to the result 
uniquely. 


y= [fe)de+0 
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7. The link with differentials. Suppose that y is a function 
of « whose differential coefficient is the given function f(x), so that 


dy _ 
da - 705). 
The differentials dy, ἄχ satisfy (p. 43) the relation 
d 
dy = 5 de, 
or dy = f(x)dz. 
We have also just proved that 
y= fr (a) dan. 
Hence we have the suggestive remark that the relation 
dy = f(x)da 
between the differentials leads to the integrated relation 
y= fr (x) da. 
This is the justification for the common sequence of argument: 
d 
τι = f(x); 
therefore dy = f(x) dz, 
therefore y= |f(x)dax. 


8. The evaluation of a definite integral. Once we have 
obtained (by methods to be given later) the indefinite integral 


μα 


by finding a function g(x) whose differential coefficient is f(x), we 
can evaluate the definite integral 


[teraz 
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by a simple rule. For suppose that 


F(x) = [ ‘f(x)dx, 
Then £ (F(x) —g(e)} 


= f(x)—f(x) [ν. 87 and definition of g(zx)] 
= 0, 
so that (p. 62) F (x)—g(x) = constant. 


But (p. 83) F(x) = 0 when x =a, and the value of the constant 
is therefore -- σία), so that 


F(2) = g(z)—g(a). 

ὃ 
Hence [ fede = 9)-9(0), 
each side being equal to 1 (6). 


Thus we have the rule: 
In order to evaluate the definite integral 


[ferae, 
find a function σία) whose differential coefficient is f(x); then 
[ feerae = 9(6)—9(a). 
Noration. It is often convenient to write 


nl 


to denote g(b) — g(a). 


9. Some simple standard forms. The evaluation of 


ΠΣ 


by finding a function g(x) whose differential coefficient is f(x) is 
naturally a matter of some difficulty. A start can, however, be 
made by inverting the formule for differentiation given on p. 37. 


SOME SIMPLE STANDARD FORMS 9] 
This gives us the formule: 


[orae = “it? (n+ -- 1). 
ὩΣ Ξε βίη σπ ἘἝ, 

sine ax = —cosxz+C 
[κονίας = secr+C. 
[τά = ἰδη στο. 

Jooseex cot xde = —coseczr+ C. 


fooseet ae = —cotz+C. 


We also have (pp. 40, 41) 


5 = sin-tr+C, 


ἀφ -ἃ 


In the case of fogs , the arbitrary constant may be taken as 
a multiple of ἐπ and so the ambiguity of sign may be allowed for. 


Note. The following results are also easily proved. If A is a 
constant, then 


[Ateeyaz = 4 [ftayde; 


and if f(x), g(x) are integrable functions of x, then 


[er+oe@ae = [rade fo(eyae. 
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InLustRation 2. 70 find the height at time t of a particle pro- 
jected vertically upwards under gravity with speed V. 


The physical law is that a particle moving freely under gravity 
is subject to an acceleration vertically downwards of amount 
usually denoted by g. In ordinary foot-second units, the value 


of g is approximately 32. 
Let x be the height of the particle above the ground at time ¢, 


Then (p. 48) its acceleration (vertically upwards) is κατὰ so that 
d*x 
ae ~~ % 
or d(z) = — ( Υ _ dx 
Te Ree 


Hence, integrating to find the function ὦ, 
%=—gt+C. 


Now we are given that the velocity ὦ is equal to V when t is 
zero, so that C = V. Hence ‘ 


= =-gt+V. 


Integrate to find x; then 
x= —4}gt?+Vt+A. 


But x = 0 when ¢ = 0 if the origin for z is taken at the point of 
projection, and so A = 0. Hence 


x = γε-- το, 


EXAMPLES 
1. Prove by subdivision of the interval and actual summation 


that 
(i) [ae =1, (i) [ede =, (ii) [ede =. 


2. Find the indefinite integrals 


de 
ferae, = βω. 


SOME SIMPLE STANDARD FORMS 
3. Find the indefinite integrals 


foos 2x dx, fain ha dx, ! cos* fxdx. 
4. Write out a formal proof of the theorems 
Gi) [ Afayde = AY fla)de, 


δ 
(i) [ “fle) +9(a)}de = [ “fle)dae+ [πολ 


based on the definition of ὃ 2 (p. 81). 
5. Evaluate the definite integrals 


[ ‘ae, [ ada, [ "Bact dex, [ ᾿ωϑ τ α)άω. 


6. Evaluate the definite integrals 


ἐπ ἐπ΄ dx 
[cosas [παρα [πόμα [τῷ 


1. Evaluate the definite integrals 


[a-ayae, [στὸ (2—2x)dz, [ (#43) a 


8. Find the value of 
in 
[πόσα [ cos* x da, 
| 0 0 
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CHAPTER V 


DEVICES IN INTEGRATION 


THE DIRECT EVALUATION of [fede by finding a func- — 


tion g(x) with differential coefficient f(x) is possible only in the 
simplest cases. A number of methods are, however, available to 
extend our scope considerably. 


1. Substitution, or change of variable; indefinite integrals. 
Consider an integral such as 


Experience (gained by solving many similar examples) enables 
us to see that the ‘essential variable’ is not really 2, but 25+ 1. 
We therefore begin by finding the effect of replacing z5+1 by a 
new variable t, so that 


t= «5.1, 
Then dt = 5a‘dz, 
so that tafe 
“eT 1)" 


The substitution of t for the function z5+1 has therefore led to 
the evaluation of the integral. 


As another example, consider 
I= | sin’ x cos x dx. 


The ‘essential variable’ is sinz, so we write 
| i= sing, 


giving di = cosxdz. 
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Hence I= [τὰ = δ 


= ξ5ἰηδα. 
The theoretical basis on which the justification for the method 
of substitution rests is as follows: 
Let ΓΞ [ λᾶς 
be a given integral, and suppose that a certain function u(x) 
appears likely as an ‘essential variable’ for the integration. Write 


t = u(x). 


Then “= fla) Ὁ. 87). 
dI_ did 
so that f(z) = ou 
Δ f(z) 
- dt u(x)’ 


But the relation ὁ = u(x) enables us to express x in terms of f, 
and so f(x)/{u'(z)} may be expressed as a function of t, say F(Z). 


Then 
dl 
a F(t), 
so that (p. 89) I= [roa. 


Thus the effect of the substitution 
t = u(z) 


is (i) to replace w’(x)da by dt; (ii) to replace f(x)/{u'(x)} by the 
corresponding function F(t) of ἐ; (iii) to replace integration with 
respect to x by integration with respect to ¢. 

Note. The expression aa may look complicated; but the 
whole virtue of the method lies in the selection of the function 
u(x) in such a way that f(x)/{u’(x)} falls naturally into the form 
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F(t) as a function of ὁ. There is no point in remembering this 
formula; it is the method of substitution that must be known. 


CoROLLARY. 170 prove that, if a,b are constants, then 


[fax+d)de = = [fae 
Write t = ax+b, so that dt = adx. Then 


[fax+)ae = [ros = . I f(t) dt. 


For example, [sin 5a dx = —}cos 5a. 

After a little practice, the reader should find that he uses this 
corollary so automatically that he is unaware of any substitution 
at all. 


EXAMPLES I 
Find the following integrals by performing the substitutions 
mentally: 


1. [sin2xde, 2. [eos sede. 3. [singeae, 
4, [scotaade, 5. [eee dotan Jods. 6. | (w+ 1)?da. 
1. εν; ἃ Ι (:::δ)άω. 9. le 
13. { (2x+1)*da. 14. [ oe—)Pae. 15. [τε τ αν. 
16. aon 11. lay 18. lar 
19. [νω ει). 20. [-ntae, 91. εξ 


dx dx 
22. (25 - 1) 23. loa . (3a+4+1)¥ 
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Find the following integrals: 
25. hy i 26. oh 21. Beis τρ 
28. pa 29. | cos’wsinadz. 30. [sinrede, 
31. [sin?acos* de. 32. [ tan? 3a dz. 33. ἘΞ 


94, [ 1+sec 2) secxtan2zdz. 35. [sec xdx. 


36. [scot tantde. 
Note. It is sometimes more convenient to make the substitution 
from x to ¢t in the alternative form 
x= v(t). 
We then have 
[sera = [romyorwar, 
an integral with respect to ¢. This is, of course, easier to state 


than the earlier form (p. 95), but in practice the substitution 
t = u(x) is probably the commoner. 


ILLUSTRATION 1. Τὸ find 


τ: dx 
~ J +9)" 
Let x = 3tan@ 
(remembering that tan? +1 = sec? @), 
so that dx = 3sec* 6 dé. 
3 sec? 6d0 3 sec? 0d0 
tne se ΠΩΣ ites 
== =| cos? θάθ 


l Rees νὰ 
= δι | 2008 6d@ = δι | (1+ 008 20)20 


1 ; ] : 
= gq (8+ ἐ 8in 26) = (6 +sin 6 cos θ). 
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Row ΒΗ ΕῚ ΚΟΥ Β' πλιαν 
a 8. dat+oy 
Hence 1- -- δι απ τι 6) + a ait 
EXAMPLES II 
Find the following integrals: 
da xrdax 
Jere 5 ina 
x da 
8, Ι" ae 4. | (1 —22)dz. 
1+2 
5, [ea de. 6. [ϑλγ -- αὐ. 


[For examples 7-10, compare the device at the start of Illustration 4, 


p. 100.] 
ἌΣ τ zy" . hes =a)" 


9. [eva-a)ae. 10. [ae-ayae, 


2. Substitution, or change of variable; definite in- 
tegrals. The introduction of limits for the integral presents no 
essentially new feature, except, of course, that the original limits 
for x must now be replaced by corresponding limits for the new 
variable t. (However, we add the warning that care must be 
taken in more advanced examples.) 


ILLUSTRATION 2. Το evaluate 


ἐπ 
| sin‘ x cos x dx. 
0 
Write t= sing; 
then dt = cosxzdz. 
Hence [sintzcosede = fora. 
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Now as 2, starting from zero, increases to 47, the new variable ¢, 
starting from zero, increases to 1. Hence 


π 1 
ἢ sin‘ z cos αὶ ὧς = Ϊ tidé 
0 


“ἴεν, 


1 
= δ᾽ 
ILLUSTRATION 3. Τὸ evaluate. 
ΡΞ 
Ϊ (54+ 2)3" 
Let t= 54+ 2; 
then dit = δά“. 
βάρεις. 
Hence { (δ5.-- 2) 5) 8 


Now as 2, starting from 2, increases to 8, the new variable ¢, 
starting from 12, increases to 42. Hence 


42 dt 
sr te “Gla? 
Ll 
~ ~~ 10 | Plas 
. Upon: 
~ 10 {422 122 
I a3 
- 355 [73 22 


bg et 
= - 35900 | 


oo, ae 
~ 1568" 
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ILLUSTRATION 4. Τὸ evaluate 


dx 
la 5) /(1+2)° 


It is a common device in such integrals to write ἐξ for the 
expression under the square root. Thus 


z=#-1, 
so that dx = 2tdt. 
Also, as x rises from 3 to 11, ¢ rises from 2 to 2,/8. Hence 


no dy eve otdt _ y(t? dt 
ἐπ πα] (5: 4). i, 244° 


Now write t= 2tan 0, 
so that dt = 2sec? θαθ. 
As ¢ rises from 2 to 2,/3, @ rises from }7 to ἀπ. Hence 


ἐπ in 
1=2/ area | ἀθ 
ἐπ 


νὰ 1 1 

= θ ἥν πος 

OK = yi 
1 
12” 


InLustRaTION 5. 70 find the area of a circle of radius a. 
Referred to rectangular Cartesian axes with the origin at the 
centre, the equation of the circle (Fig. 34) is 


tty =a’, y 
so that y= + (a*—2%), 


the two values of y for a given value 

of x corresponding to the parts of the 

circle ‘above’ and ‘below’ the z-axis. τ 
The area of the whole circle is double 

that of the upper semi-circle, and so we 

- may take 


aol Nat <ehvee 
a ΓῚ a i Fig. 34. 
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Make the substitution 
so that dx = acostdt; 


x =asint, 


the range (—a,a) of x corresponds to the range (— ἐπ, 37) of ἐ. 


Hence 
A= εἰ acost.acostdi. 
-ἐπ 


[Νοίο. Since acost is positive in the range (— ἐπ, ἐπ), we have 
taken the positive square root throughout the range.] 


ἐπ ἐπ 
Thus 4 =a*l Zoostedt = a* | re 
-ἐπ - 


= a*{($7) —(—47)} 
= παἷ, 


EXAMPLES IIT 
Evaluate the following definite integrals: 


2, Ϊ sin? 0d0. 


ἐπ 
1. | sin? 0 cos 08. 
0 


1 dx 1 
3. ᾿ (1+2?)" 4, [ιν -- δας. 

ᾧ ἐπ 
δ. [ isd 6. I. sec? Otan® 6d8. 
7. | κ᾿ ect 0d8. 8. | “cost 0d 

0 


10. | Ri —2x)dx. 


ad 


fia Ι -- σ) ἄν. 


ILLUSTRATION 6.* 70 evaluate 
__sinddd 
ο ¥(1— 2a cos 6 +.a?)’ 
It is implicit in such a question that the positive square root is 
to be taken. 
* Tilustration 6 may be postponed, if desired. 
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Let t= +,/(1—2acos θ-} αϑ), 
so that ἐδ = 1—2acos 0+a?, 
and 2idt = 2asin 6dé. 
H sin 6d@ i Δ 1 
~~ | jarx Seo oa —2acos @+a?) ~ ΞΕ “ἃ - 
= t/a. 


Consider now the range of values of ¢ as @ runs from 0 to =. 
When θ = 0, we have the relation 


((1—2a cos 6+a?) = (1—2a+a?) = +(1-a), 


that sign being taken which makes the square root positive. 
When 6 = z, we have 


¥(1—2a cos 6+ a?) = (1+ 2a+a*) = +(1+a), 


that sign again being taken which makes the square root positive. 
Various cases must therefore be considered: 

(i) When a lies between —1,1. The positive square roots are 
1--α, 1+a respectively, so that the value of the integral is 


1 
Au +a 
αἹ ji-a 
1 
= {(1+a)-(1-a)} = 2. 
The value of ¢ varies continuously from 1—a, through 1 (when 
cos θ = 4a), to 1+a as θ moves from 0 to π. 


(ii) When a is greater than 1. The positive square roots are 
a—1,a+1 respectively, so that the value of the integral is 


τε ={(a+ 1)—(a—1)} = Ξ, 


The value οὗ ¢ rises continuously from a—1 to a+1 as θ moves 
from 0 to z. 
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(iii) When a (being negative) is less than —1. The positive 
square roots are l—a@ and —(1+da) respectively. (For example, 
if a = —4, the square roots are 1—(—4) and —(1—4), that is to 
say, 5 and 3.) Hence the value of the integral is 


1f 1-1-« 
al hs 
= + (-1-a)-(1-a)} = -5, 


This value looks negative, but is actually positive, since a is negative. 
The value of ¢ falls continuously from l1—a to —l-—a as @ 
moves from 0 to z. 
Summary. |The value of the integral is 2, 2/a, —2/a according as 
—l<a<l,a>la<-l. 


EXAMPLES IV 
Evaluate the integrals: 
" sin 6d6 7 sin 6dé@ " sin 6d0 


ε ο γ(ὅ -- 4 οο5 0)’ ο Ν(10- 6 οο85 θ)" ο γ(50 -- 14 cos θ)" 


3. Integration by parts. A very important method of integ- 
ration follows as a direct result of integrating the formula for the 
differentiation of a ae f If yr v(x) are given functions of z, 


then du 
= © ie) an aes Tn’ 
or : oe ke 
dx dz dx 


Hence, on integrating from an arbitrary lower limit a, and denoting 
the variable of integration by the letter ¢ (p. 85), we obtain the 
important formula 


[ὦ u'(t)dt = [me 70) 2 -- [uo v’ (t) dt. 


We observe that the left-hand side is the integral of the product of 
two functions v, κ΄, one of which can be recognized as the differential 


coefficient of a function τι. 
It is customary to quote this result in its ‘indefinite integral’ form 


fo μ΄ (“) dx = u(x) v(x) — ju(a) υ΄ (4) dz, 


and we shall usually do so (Illustrations 7, 8); but note the warning 
which follows. 
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Warning. The omission of the term -- μ(α) v(a) may occasionally 
lead to curious results. For example, if v(x)=secz, u(x) =cosz, 
we appear to have 


[seca(—sin 2) da = cosaseoa— foos (sec tan) d, 
or - ftanede = 1— ftanede, 


or 0=1, 


(The product cos#secz is a constant rather than a genuine 
function of x, and would be cancelled in definite integration.) 


ILLUSTRATION 7. Τὸ find 
fesin xdz. 


We have to integrate the product xsinz, where we recognize 
sin# as the differential coefficient of the function —cosx. Apply- 
ing the formula, we have 


[esineds -- [eZ (-cos:r)de 
= 2 —e0s2)— {(—cosa).1.de 


= —oos+ foosdz 


= —zxcosx+sinz, 


the desired value. 
It may be remarked that an alternative first step could be 


sine © (Je%)de 
leading to sin. Jot [Jo* Σ᾽ (sina)da 
. datsine— ἢ [αὐ cos ada, 
However, a glance at the integral 
[xtcos:rdz 


will convince the reader that he has not made the problem any 
simpler by this beginning. 
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The whole success of the method depends on an intelligent 
first step, and certainty of touch should be acquired by working 
many examples. 


InLustrRation 8. To find 
I= |sin-2xdz. 


This example illustrates a case where the possibility of integ- 
ration by parts might pass unsuspected. We have 


6. [sine de = sin) ay 


1 
= vsin-t2— [2p dee 


‘ ΤΣ xdx 
Write = Ja —2)’ 
and put 1-2 = y’, 
so that —2adx = 2ydy. 
Then y= [=U --fay=-y 
= —,/(1—2*). 
Hence I = xsinx2+,/(1—2?). 
EXAMPLES V 
Find the integrals: 
1. [rcoszde. 2. [rteosade, 
3. [2xsectatan ede. 4, fetan-tde. 
Evaluate: 
ἐπ 
δ. ["xcossede. 6. Ϊ x* sin x dx. 
0 0 


7. [Ὁ +2)*sin α ἄς. 8. [.- 3 cosa. 
0 
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In conclusion, we remind the reader of the value of a good 
technique in the normal processes of algebra and trigonometry 
For example, 


| sin 32 sin 5a dz = 5 [ρος 2% — cos 8x} dx 
Dx 
= 7 Sin 2. -- τς sin 8a. 
Again, [ sin‘ χ da = 16 sin® x)? dx 
= 5 [{-- οὐ 20)* 
= j,[ (1-208 20 + 00s? 2x) de 
= 5 | [20082245 (14008 42)} de 
1 [(8 1 
πα | (g— 2008204 5008 ax) de 
1 (3 . ay 


EXAMPLES VI 
Find the integrals: 


1. [sin 5a cos x dx. 2. [eostade. 


3. [sine aed. 4. [sin dersin 8ὲ de. 
Evaluate: 
ἐπ a 
5. | sin x cos 4a dz. 6. [‘sintede, 
0 0 


π ἐπ 
1. [cos.cos dda. ἯΙ cost x da. 
0 0 


4.* Formule of reduction. 
Consider the integral 
l= | sin"xdxz (n a positive integer). 


* This paragraph may be postponed, if desired, 
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Writing this in the form 
I= [sint*2.sinzdz, 
and integrating by parts, we have 
I= —sin™1z 0082+ | (n— 1) sin"-* 2 cos z.cosxdx 
= —sin”-lzcosx%+(n— 1) [sine-*2(1 — sin’ x)dx 


= -- Β' ΠῚ ᾧ 005 2 -᾿ (ἢ -- 1) [sin-*2de— (n— 1) [sint nde 


= —sin”-!xcosx+(n— 1) [sin™*ede—(n—I)1. 


Hence nl = -- 5 5 xcosx+(n— 1) [κυρ θα δα, 
inn-l - 
or fic SIMs e+ =| sin-#arde. 


In this way we have made the integral of sin"z depend on the 
integral of sin"-*, whose degree in sinz is less than that of the 
original. To emphasize this reduction of degree, we write 


Lu | sin"ade, Iy= | sin" ade. 


sin®™zcosx n—l1 
Thus Ss = 


It is implicit that n> 2. 
In the same way, 
sin*zcosx ἢ.-- 8 
1,.- = eee noi 


sin” zcosx n—5 
[,-4 = το ad n—4 Ι -~6s 
and so on. 

By repeated application of the formula, we reach a stage where 
we must evaluate 
ἢ, [sins = —cosz 


when 7 is odd; or iy [dz = 2, 


when v7 is even. 
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A formula such as 
sin®-lzcosx ἢ--} 


1 = ee Ls 


{ 


which enables us to reduce the index ἢ by successive stages is 
called a FORMULA OF REDUCTION for the integral. 


ILLUSTRATION 9. 70 evaluate 
ἐπ 
[ cos*” x dz. 
0 
ἀπ 
Write ΤΑ =| cos®” a dx. 
0 
(This is a slight change of notation from the preceding, but 


perhaps a little more convenient.) 
We have 


ἐπ 
᾿ς cos*"-! x cos x dx 
0 
ἐπ ἐπ 
-- [cos*”—! x sin x] -| (22 — 1) cos®*”-* χί — sin 2). βίη xdx 
0 Jo 
ἐπ 
= 0+ (2n—1)| cos”? x(1 — cos* x) dz, 
0 


since cos?"-1 x sin x vanishes for x = 0, and, when n> 1, for 2 = ἐπ. 


H 
init I, = (2n—1) (Iy1—Jn)s 
2n—1 
or 4, Ἦν on J,-1 
Applying this formula successively, we have 
2n—12n—3 


1. = on tna 


Qn—1 2n—32n—-5 , 
“On In—-22n—4 "3 


et 
In προ 42 
2n—12n—3 31, 
In δὴ... Δ 42°" 
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ἐπ π 
where a Ϊ de = 7. 
0 


_ (2n—1)(2n—3)...3.1 2 
—— In = Fn(2n—2)...4.2 2" 


EXAMPLES VII 
Find the following integrals by the use of formule of reduction: 


i [sintade. 3. foostarde. 3. [sinrede, 


Evaluate the following integrals by the use of formule of 
reduction: 


ἐπ ἐπ ἐπ 
. οοβϑα da. 5. | sin? x dz. 6. | sin?® x dx, 
0 0 0 


ἐπ ἐπ ἐπ΄ 
εἶ βἰηϑ χαχ. 8. Ϊ cos*"tHadx. 9. { sin2"+1 a dx, 
0 0 0 


ILLUSTRATION 10. T'o evaluate 
{sin x cos*"+! x dz, 
To imply dependence on both m and n, write 
In, n= [θυ x c09t* 2d, 
Then Jan= [,"sint™ 200s 2 cos: dz 


ἐπ 
= Ϊ sin?” x cos?” x d(sin x) 
0 


1 ἐπ 
= Ess sin2"+1 x cos?” ἢ 
0 


27 + 
δι, a : 
- { ——_— gin?"+1 x, 2n cos**-1 χί — sin x) dz 
0 2m+1 
25) [* . omse 2n—1 
= cos?"—1 x dx 
0+ | sin x . 
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since sin?”+lycos*"~% vanishes when x = 0, and, when n>0, for 


x = 47. Hence 


2m (sam 2n—1 2 
In,2 = Fmt] : sin?” z cos*"—1 (1 — cos* x) ἐς 


2n 
= Sp] ἕν, κατ In, nbs 
or (2m+1+2n) I ny = 2D ny, nr 


2n 
Ἢ Inn = Smt ἀν ΕἸ ont 


Reducing n successively, we have 


τ 2n 2n—2 
in.» = πη θη 1 ὅπηι 2n—1 "2 
2n 2n—2 2 
δος ται ἀπ 60 
ἐπ 
Also Ln,0 = { sin?” x cos x dx 
0 
1 ἐπ 1 
= j 1 = —-——. 
Im +1 si a}. 2m+1 
ae i. 2n (2n—2)...2 


(2m + 2n + 1) (2m+2n—1)...(2m+1)’ 
EXAMPLES VIII 
Evaluate the following integrals by the use of formule of 
reduction: 
ἐπ ἐπ 
1, [ sin‘ x cos’ x da. 2. [ sin® x cos® x dz, 
0 0 
1 
8. { x™(1—2x)"dx (by the substitution, z = sin? @). 
0 


in ἐπ 
4. i sin?” x cos?” x dz. 5. [ sin?”+1 y eos?"+1 x dz, 
0 0 


1 1 
6. [ 26(1 —2x)!da. Ἄ [ gl(1—ax)idx, 


CHAPTER VI 
APPLICATIONS OF INTEGRATION 


1. Use in dynamics. Suppose that a particle P (Fig. 35) is 
moving along a straight line so that at time ¢ its distance from a 


P 


Oo x 
Fig. 35. 


fixed point O of the line is x. We have seen that, if v,f are the 
velocity and acceleration respectively, then (p. 48) 


(i) If v is a known function of t, then z can be evaluated by 
means of the integral 
= fe dt; 


and if f is a known function of ¢, then v can be evaluated by 
means of the integral 


v= | fat, 


after which x can be determined by a further integration, as before. 
At each integration an arbitrary constant is introduced; its 
value depends on given initial conditions for a particular problem. 
(ii) If v is a known function of x, then ¢ can be evaluated by 
means of the integral 
ἐ- [5 
υ 


If f is a known function of x, we find v by means of the relation 


ali dv ἂν de ἀν᾽ 
dt ἀν δὲ dz” 


112 APPLICATIONS OF INTEGRATION 
so that = eset 

Hence v= | 2fdz, 

so that v can be calculated. 


ILLuUsTRATION 1. Suppose that f is given as a function of t by 
means of the formula fm'Bioost 
_ ᾽ 


and that v= k, z= 0 whent=0. 


dv 
Th a alt 
en ; kt cost, 
so that v= k|tcosidt 


a ktsint—k [sintdt (by parts) 
= ktsint+kcost+C, 


where, since v = k when ¢ = 0, 


k=k+0, 
or C=0. 
Hence υ = ktsint+kcost; 
that is, δ = ktsint+keost, 
so that w=k tsin tdt+ Ecos tat 


= k{—tcost+sint}+ksint+D, 
where D = 0 since x = 0 when t= 0. Hence 
x = k(2sint—tcos?). 


ILLUSTRATION 2. Suppose that f is given as a function of x by 
_means of the formula 


f = 2k? x(x? +1) 
and that x = 0, v= k whent=0. 
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2 
We have hl = 4k? a(a*?+1), 
da 
oo that vt = ὁ { (dat + dade 
= k*(at+ 2a7)+C, 
where, from the initial conditions, 
iA = C. 
Hence v? = k*(22+1)?%, 
so that v= +k(a?+1). 


But v =k when zx = 0, so the positive square root must be taken. 


Beate υ = k(x? +1). 


It follows that = k(z?+1), 


dx 
so that kt = lan 


= tan-!2+D. 
But z = 0 when ἑ = 0, so that D = 0, and 
kt = tan-'z, 
or x = tan kt. 
Note. The formule are relevant only up to time 7/2k, when x 
tends to infinity. 


2. Area; Cartesian coordinates. We have already (pp. 77- 
85) discussed in some detail the meaning and evaluation of the 
area ‘under’ the curve 

y = f(z). 


For completeness, we repeat the formula 
b 
[ feerae 
a 


for the area ABQP of the diagram (Fig. 36), reminding the reader 
to be careful about sign when the curve crosses the z-axis (p. 
84). 
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It may be useful to note also that, for the area bounded by 
a curve 
a = f(y), 
two ordinates y=c, y=d, and the part of the i 
: -axis bet 
those ordinates (Fig. 37), the area is ᾿ ἜΣ, 


[ῳ. 


ἢ 


4 B 
Fig. 36. Fig. 37. 


3. The area of a sector, in polar coordinates. The } 
of a curve in polar seondindtes is an 


r= f(9), 


where r is a single-valued function of 8. To find an expression for 
the area of the sector OAB (Fig. 38), bounded by the radii OA,OB 
gwen by θ = α,β and the arc AB, 


Fig. 38, Fig. 39. 


Meruop I. Divide the arc AB into n parts at points 
ee Oe ee a oe ig 8, 
Write Z P,OP.,, = 50; (Fig. 39). 
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Denote the least value of the function f(@) in 50; by the symbol 
m, and the greatest by M;. Then the area of a typical element 
P,OP,,, lies between that of a circular sector of angle 50, and 
radius m,, and that of a circular sector of angle 66, and radius M,. 

Moreover, we proved (p. 100) that the area of a circle of radius 
a is 7a, so that, by proportion, the area of a sector of angle 50; is 


ἐν (πα) 


or $a? 50;. 
Hence the area of the sector OAB lies between the two sums 


n-1 n—1 
Σ ξνιδδθ,, Σ 3.754, 
0 0 


In the limit, as the number of intervals increases indefinitely, 
the size of each interval decreasing indefinitely, these two sums, 
for ‘ordinary’ functions f(@), approach (p. 82) the limit 


β 
5 | seoyeae, 
so that we have the formula 


Δ 
res OAB a : Ϊ {{{0}}2 49 
a 
1 £4 
τς [{τ’α0. 


Mernop II. The area of a sector 
AOP (Fig. 40), where ZaO0P = 8, is 
a function of the angle 0, say A(@). 
Suppose that P’ is a point on the 
curve near to P, so that 


L2OP' = 0+ 86; 


then the area of the sector AOP’ is 
A(@+ 56). 

We make the postulate, in in- 
formal language, that, when P’ is 
near to P, the area of the sector Fig. 40. 
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POP’ is not very different from that of the triangle POP’; in 
more formal language, that 


area of sector POP’ " 
p+ parea of triangle POP’ — 
A(0+80)—A(6) _ sector POP" 
56 56 


sector POP’ A POP’ 
~ APOP’ * 356” 


1. 


Now 


where A POP’ is the area of the triangle POP’ so that 


A POP’ = 40P.OP’ sin 58. 
Hence 
A(6+86)—A(0) sector POP’ 
50 ~ A POP’ 


Let 50-0, so that P’ +P. Then 


sin 50 
56 " 


.(}OP.OP’). 


lim 
é0— 0 


A(9+60)—A(9)_ 4,2. 
+ ia Os 


sector POP’ 
SAO =1 (postulate); 


lim ({OP.OP’) = }0P? = 37°; 
P’>P 


. sin δθ 
Le i =] (p. 32). 
Moreover, the limit of a product is the product of its limits 


and so 
A’(8) = pr’, 


᾽ 


oo thi A(9) = [4r2a0 


_ between suitable limits. 


Note. It is usually advisable to make a rough sketch of the 
curve before applying this formula. 


THE AREA OF A SECTOR 117 


Inuustration 3. To find the area of the curve (a limagon) for 
which r = 1+4c0s 6. 
The curve (Fig. 41) may be sketched 


by putting 
6 = 0, 42, 47, ἔπ, ..., 20 
in succession; note that 5 


dr ; 
do = —tsin 8, 


Ἢ ig. 4 
so that r decreases steadily between Fig. 41. 
0,7, after which it increases again. : 
The curve is symmetrical about the line @ = 0. 
The area is 


1 2 

5,7 4θ 

=.’ "(1+00s 0+ 5 cost 6) 49 
2}. 4 


= Σ[ (b+ 0+ 5(1-+ cos 20)} a0 
2}. 8 


1 9 1 ] 
αὐ Ἴθι, reer δὸ 
(5 + 045 


1 9 ,᾿ 1 . L 
35 2+sin d+ γε δῖα , 


EXAMPLES I 
Find the area of each of the following curves: 


1. The circle r = 2cos 0. 
2. The cardioid r = 1+ cos @. 
3. The limagon r = 3—2cos 0. 


9 
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4. Centre of gravity, or centroid. If a number of particles 
P,P, Py,..., of masses m,,M.,ms,..., are situated at points 
(71, Y1), (ας, Ye), (%3, Ys) in a plane (Fig. 42), their centre of gravity 
(more accurately, centre of mass) or centroid is defined to be the 
point G(é,7), where 


ΓΞ MX + Mp2 + Mg2y +... 
M1 +M,+M3+... 


— Yi t MeYot MzY3t ... 
My+Met Mgt... ἢ 


7 


Writing M=m,+m,+m,+... for the total mass, we may express 
these relations in the form 


Mé=Xm,2,, Μη LM Yes 


where the summations extend over all the particles. 


Fig. 42. Fig. 43, 


Our purpose is to extend this definition to a lamina, such as 
that shown in the diagram (Fig. 43), bounded by a closed curve. 
It is assumed that the lamina is made of uniform material. For 
convenience, we have placed it in the first quadrant, but that 
restriction is not necessary. 

If the area is divided, in any way, into a large number of 
elements, so that a typical element surrounds the point (25 Yp) 
and has area 5A,, then, by obvious extension, the centre of 
gravity is the point Ο(ξ, ἡ), where 


ἔα 5A, +%,5A,+2%,5A,+... 
§6A,+5A,+54A,+... 


a Y, SA, + yy 8Ay + Ys 5Ay + see 
64,+64,+54,+...  ° 
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The sum §6A,+65A,+45A,+... is equal to A, the area enclosed by 
the curve. The remaining problem is to find an expression for 


the sums Sz,84,, Dy,54, 


as the number of elements of area is increased indefinitely while 
their sizes decrease indefinitely. 

We begin with the coordinate ξ. y 

As a first step, consider the 
area ‘under’ the curve 


y = f(z) 
between the ordinates x =a, 
χ τεῦ, where f(x) is a single- 
valued function of x (Fig. 44). 
Divide the interval at the points 


A=M, My, M,,..., Myra, Mn=8 
with x-coordinates 


a=Xo,; 71) Xe, 49.694 Ζ,,--1» L, =, 


and draw the lines through these points parallel to the y-axis. 
(Compare the introduction to area on p. 77.) 

Confining our attention to a typical filament whose base, joining 
the points x;,7,,, is of length 5%,=2,,,—2;, let us divide it into 
rectangles by lines parallel to Oz and take these rectangles as the 
elements 5A, of the definition. Denote the least and greatest 
values of f(x) in the interval by m,,M, respectively, and extend 
the rectangles to the height M,. Then the contribution from the 
filament to the sum Σὰ, 5A, lies between x,(m, 5a,) and x,,,(M, 52), 
so that 


Fig. 44. 


n-1 n—-1 
= (x,m,) δα, < Σα, δά, < 2, (244 M;) dx. 


In the limit, for ordinary curves, the two outer sums have the 
same value, namely, 


ὃ 
[ aserae, 
a 
and so the formula for é is 


[= J (x) da 
be gf —. 
| ΩΣ 
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Proceeding now to the closed curve with which we began, 
suppose that it lies between ordinates 


z=a, τοῦ 
which it meets at P,Q respectively 
(Fig. 45). Suppose, too, that the ‘upper’ 


and ‘lower’ parts of the curve have the 
equations 


y=f(z), y=9(2). | Fig. 46. 

In practice, the two different forms for y may arise because 
the ‘upper’ and ‘lower’ curves are quite different; but they may 
also arise, perhaps more usually, because when the equation of the 
whole curve is solved for y in terms of x, two functions are 
obtained distinguished from each other by the sign attached to a 
square root. For example, if the bounding curve is the circle 

(e—2)°+ (y—2)? = 1, 
then y—2=+4 /{1—(x—2)} = + {(42-- ἢ -- 3). 
Thus f(x) = 3-. (42 -- αϑ --- 8), 
g(x) = 2-- (45 -- αἰ -- 8) 

Then the contribution to &x,6A, from the area enclosed by the 

curve is equivalent to that from the area under y = /(x) 1.888 


that from the area under y = g(x). Thus, if A is the area enclosed 
by the given curve, 


Agé= [ f(x)dx- [ g(a) dx. 


This formula may be expressed more concisely. Write 


[y] 
to denote the difference between the two values of y corresponding 


to x, so that [y] = f(x) -- σ(α). 


b 
{ x[y]da 
Th =+¢ ; 
en ἑ A 
In the same way, and with similar notation, 
d 
Ϊ y[x]dy 
1 A ‘ 
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ALTERNATIVE Expression. Another formula for ἡ for a lamina 
defined by the area ‘under’ a curve y = f(x). 

Referring to the diagram (Fig. 44) for the area ABQP, consider 
the contribution from the filament on δὰ; towards the sum 
Xy;,5A, required to calculate ἡ. If the points of division of the 
filament are at heights 


O= Yo, Yr> Yor +++ 
then a typical contribution is 
y;(dy; δα), 
where 8Y; = Vj -Yy 


and y; lies between y; and ¥;,,. 

Keeping δα; constant, let the number of subdivisions of the 
filament be increased indefinitely while their sizes decrease 
indefinitely. Then the contribution from the filament lies between 


M; 
[vay dee [γάνδα, 


or 4m25x,;,, $M? dx;. 


Summing now for all 5x; and proceeding to the limit in the usual 
way, we obtain the integral 


5 | (setae, 


[ρῶν 


so that n= 5 
[ρα 


ΟΥ 


For an oval curve not meeting the z-axis, the corresponding 


formula is 1 [ὃ 
: [y*]da 


[tae 


where [y*] = {f()}*— σία}. 
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InLustTRATION 4. Το find the centre of gravity (centroid) of the 
area in the first quadrant bounded by the axes and the curve 


The range for x is 0,2. The area is given 
by the formula 


[uae = [e+e-arde 
2 


Fig. 46, 


Then ξ [uae = [svae 


so that -ila75 


Also nf de = Σ vide 
0 0 


1 1 1 
= 5 [404 20 at Sat 5a 
16 
«ὁπ 
πὰ _ 16/10 _ 24 
so tha ἢ“- [1 35° 
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5. The moment of inertia of a lamina. 

(i) Tae Moment or Inertia ΑΒΟΌΤ ἃ Linz. If a number of 
particles P,, P,, P,,..., of masses m,, M2, Mz, ..., lie in a plane (see 
Fig. 42, p. 118), their moment of inertia about a line J in the 
plane is defined to be the magnitude 1 given by the formula 

1 = myp2 + Mop + Mg p32 + ...» 
where 7, Pz, Pz, --. are the perpendicular distances of δι, P,, F,,... 
from 1, 

Whenever possible, the line 1 is taken to be one of the axes of 

coordinates. Thus, if J, is the moment of inertia about Oy, then 


LD, = My,2} + MgX3 + MyX3+..., 
where (2, ¥;), (We; Ye), -.. are the coordinates of FP, P,, ..+. 
εν] αῖν. 
NYE, = my + may} + περνᾷ + ...Ψ 


The definition can be extended to a lamina bounded by a 
closed curve (see Fig. 43, p. 118). The reasoning is exactly 
analogous to that just given (§ 4) in calculating centres of gravity, 
and need not be repeated. With the notation explained there, 


we have 
1, = [ a4ylde, 


1, = [yey 


(ii) Tae Moment or ἹΝΈΒΤΙΑ ABOUT A Pornt. The definition 
of the moment of inertia of a plane system of particles P,, P,, ..., 
of masses m,, Mz, ..., about a point O in the plane is very similar, 
naloey I, = m,OP?+m,OP3+.... 


If the polar coordinates of P,, P,,... are (11, θ.), (7, θ4), ... when 
O is pole, then 


d, = M172 + Moz + 4... 
Alternatively, if the Cartesian coordinates of F,f,,... are 
(21, Y1), (9. Ya), ---» With O as origin, then 
Ly = My (xq + Yj) + (1G + ΨΩ) + oe 

ΓΑ ΩΝ 1, +L, 
so that the moment of inertia of a plane system of particles about a 
point O of the plane is the sum of the moments of inertia of the 


It follows that 
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system about two perpendicular lines lying in the plane and passing 
through O. 

The extension to a plane lamina is immediate. 


ItLustration 5. 70 find the moment of inertia about the y-axis 
of a uniform lamina of density p bounded by those parts of the x-axis 
and the curve y=cosx which lie between x= —}a and x=}n, 
(See Fig. 47.) 


Fig. 47. 
We have 


π ἐπ 
= p[x*sin 2] -p| sin x. 2a dx 


= ol (5) - (-3) - ἢ + 2p" σάζοος x) 
pr 


in ἐπ 
= “> t 32ρ[5 cos x] -2p[ 1 .cosxdz 
-ἐπ -ἐπ 


= ΤΑ + 2p[0)—Sptaine} 
—in 


= F-2p[1-(-1)] 
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InxustRaTion 6. Τὸ find the moment of inertia of a circle about 
its centre. 

Suppose that the equation of the 
circle (Fig. 48) is 

x+y? = αἷ. 

Divide the area bounded by the 
circle into concentric rings, of which 
a typical one is enclosed by circles 
of radii r,r+5r. Then, by the defini- 
tion of moment of inertia about a 
point, the moment for the ring is 


(2arr, δ᾽), 
where the number r, lies between r and r+ 6r. Adding for all the 
rings, and proceeding to the limit in which their number is 
increased indefinitely, 


Fig. 48. 


= }Aa'*, 
where A is the area of the lamina. 


CoroLttary. By symmetry, J, = [,. Hence 
I, = I, = tAa?. 


6. Volume of revolution. Let 
y = f(z) 


be the equation of a given curve, where f(x) is a single-valued 
function of x, and consider the usual area ABQP (Fig. 49) bounded 
by the curve, together with the lines x = a,x = 6,y = 0. 

Suppose that the curve does not cut the z-axis between 
r=a,x=b. 

To find an expression for the volume generated by the complete 
revolution of this area about the axis Ox. 

Suppose, as usual, that the interval a,b is divided into πὶ parts 
at the points δ. ” 

τε a a a ee Ξε, 


and that δα, = ρει στρ 
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Suppose also that m;, M, are the least and greatest values of the 
function f(x) in the interval δα,. Then the volume (Fig. 50) of the 
corresponding element lies between that of a cylinder of height 
da; and radius m,, and that of a cylinder of height δα; and radius 
M,. Hence the volume of revolution lies between the two sums 


Lam? 52,, UnM? dx, 


Fig. 49. 


If we now allow the number of subdivisions to increase indefin- 
itely, their lengths decreasing indefinitely, then, in ordinary cases, 
these two sums tend to the limit 


[τύ ρα, 


ὃ 
or [ ny dx, 
a 
which is therefore the expression for the volume J, 


b 
Hence Y= [ ary" dx. 


ILLUSTRATION 7. ΤῸ find the volume 
of a sphere of radius a. 

The sphere may be regarded as 
generated by the rotation of the 

‘upper’ semi-circle of the circle 


about Ox (Fig. 51). Fig. 51. 
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Then V=  πυἊοάχ 
-α 


ἐν { “ πίαϑ-- 2) da 


7. The centre of gravity of a uniform solid of revolu- 
tion. We regard it as obvious that the centre of gravity of a 
solid of revolution, generated as in § 6, lies on the axis Oz. 

To locate the centre of gravity, we use the same principle as in 
§ 4 (p. 118) for a lamina. In the present case, we see that, if £ 
is the z-coordinate, then 

ExoV, = =x; δῇς, 
where 6V,; is an element of volume generated by a small area of 
z-coordinate ας. Dividing the area, and so the volume, into strips 
as in § 6, and proceeding to the limit, we obtain the formula 


b 
EV =| naytde, 
a 
where V = [. my*dx, the volume of the solid. 
a 


InLusTRATION 8. Τὸ find the centre of gravity of a uniform hemi- 
sphere. 

Regard the hemisphere as generated y 
by the rotation about the axis Ox (Fig. 
52) of that arc of the circle 


* 
which lies in the positive quadrant. 
Its volume, as above, is 
2 3 
ἦρι ᾿ Fig. 52. 
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Hence δ mate = a | aytde =| 2(a®—22)dx 
0 0 


so that f= <a. 


8. First theorem of Pappus. Suppose that a solid of revolu- 
tion is obtained by rotating the usual area ABQP about the z-axis 
(Fig. 53). We proved (p. 126) that, if PQ is the curve 


y = f(z), 
the volume V so generated is given by the formula 
b 
V= | ay" da. 
a 


But we also proved (p. 121) that the 
y-coordinate ἡ of the centre of gravity 
of the plane area is given by the formula 


1 (ὃ ὲ 
5 [- ri 
7 meee aaa 
ὃ 
where A =[ y dz is the area 4.80}. Fig. 68. 
Hence V = 27An. 


Since 277 is the circumference of a circle of radius ἡ, we may 
express this result as follows: 

If a given area, lying on one side of a given line, is rotated about 
that line as axis to form a solid of revolution, then the volume so 
generated is equal to the product of the area times the distance 
travelled by its centre of gravity. 

This rule enables us to calculate the volume when the centre 
of gravity is known; or, alternatively, to find the y-coordinate of 
the centre of gravity of the area when the volume is known. The 
result can also be extended easily to prove that the volume of 
the solid, generated by the rotation of the area bounded by ἃ 
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closed curve lying entirely ‘above’ the axis of rotation, is equal 
to the area times the distance travelled by its centre of gravity. 

For example, the volume of the anchor-ring obtained by rotating 
the circle 2?+(y—b)? =a®, where b>a, about the z-axis is 
(πα3). 2b, or 27a". 


InnusTRaTIoNn 9. Τὸ find the centre of gravity of a semicircle of 
radius a. 

Rotate the semicircle about its bounding diameter. The solid 
generated is a sphere, whose volume is known to be 47a‘, 

The area of the semicircle is 47a”, and so the distance rotated 
by the centre of gravity is 


4 1 8 
— aa? [3 παϑ = --α, 
ΩΣ [570 3% 
8 
Hence πη = τ, 
_ 4a 
or ἢ 5Ξ τ’ 


The _— of gravity therefore lies on the line of symmetry of 
the semicircle, at a distance 


4a 
37 
from its bounding diameter. 


9. The moment of inertia of a uniform solid of revolu- 
tion about its axis. The definition given in § 5 (p. 123) for the 
moment of inertia of a system of particles P,, P,,..., of masses 
27,1, Mz, ... about a line J holds equally well in space. If pj, .,... 
are the distances of P,, P,,... from 1, then 

] = my p? + Mg p§ + «+e. 

In order to effect the summation for a solid of revolution, 
when I is the axis, we refer to the diagram (Fig. 50) and notation 
of § 6. The volume is divided into a number of circular discs, of 
which a typical one has radius between m,, M; and breadth δα;. 
The moment of inertia of this solid disc about its centre is there- 
fore between 5a, times that of a circle of radius m, about its 
centre and Sz, times that of a circle of radius M,;. Hence (p. 125) 


—1 n-1 
'Σ kum 82,<I1< ¥ 4nM 38x, 
0 0 
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In the limit, these two sums are equal, and so 


ὃ 
I= [σύ μα: 
ὃ 
= | any'ae. 
a 
ILLUSTRATION 10. 70 find the moment of inertia of a solid sphere 


about a diameter. 
Suppose that the sphere is generated by rotating the circle 


rd ΜῈ ψ3 = q? 
about the diameter Ox, taken to be the given diameter. Then 
l= | 4ay‘dz 
τς 


1 α 
=57| (α"--αὐ)δοάυ 
-α 


sf 55" (a4 — 2022? +24) dz 
—a 
2 ὃ τ 
= 4m _ 72 ὡς 
nate 3% e452 


where V =$za° is the volume of the sphere. 


10.* The area of a surface of revolution. 

Lemma. The area of a right circular cone. 

Consider a right circular cone, of slant height 1, whose base is a 
circle of radius r (Fig. 54a). If the cone is slit down a generator 
and then opened up so as to lie in a plane, we obtain the sector 


of a circle of radius 7 subtended by an are whose length, equal 


* This paragraph may be postponed, if desired. 


THE AREA OF A SURFACE OF REVOLUTION 131 


to the circumference of the base of the cone, is 2mr (Fig. 546). 
Hence the area is the fraction (277/271) of the area of a whole 
circle of radius |, so that 


A = 5 (a?) 
= mri. 


What we shall actually require is the area of a frustum of a 
cone, as indicated in the diagram (Fig. 55). If r,,/, and r,,/, are 


MO 


Fig. 540, Fig. 55. 


the values of r,J for the two boundaries, then the area of the 
rma 7(Tolg—1y1y). 


Now, by similarity, 


and so, on substituting for /,,1,, the area is 


es 
τρὲ- ἢ (#2) 
= πίγς -" σὰ) (5 -- ἢ). 


If we draw the ‘half-way’ circle through the middle of the frustum, 
its radius is }(r,+7,) and perimeter m(r.+7,). Hence the area of 
the frustum is 


(perimeter of ‘half-way’ circle) x (slant height of the frustum). 


We now proceed to our main task: 


To find the area of a surface of revolution. Let f(x) be a positive 
single-valued function of x in a certain interval (a,6), and rotate 
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the curve 
y = 76) 
through four right angles about the z-axis. We require an 
expression for the area of the surface generated. 
Suppose that the area traced out by the arc AP is S (Fig. 56); 


then S is a function of x which we denote by the symbol S(z). 
In the plane, let P=(x,y), Q=(e«+h,y+k). Then 


S(x+h)—S(x) 
h 
_ area traced by are PQ 
7 h 
area traced by are PQ 


~ area traced by chord PQ 
. Bree traced by chord PQ 
h 


Fig. 56. 


We assume as a matter of definition that 


area traced by are PQ _ 
n+ oarea traced by chord PQ ~ 


Moreover, the area traced by the chord PQ is, in accordance with 


the lemma, πίϑῳ +k) (A? +k). 


Thus 8'(z) = tim SE+*)— 5) 


h~0O 


= 7. 2y. Labi (1+ τ} 
πα 00} 
so that, S(x) = [ory J 1 + (4) | dz 


between appropriate limits. 
We shall see in Volume II that the integral 


J+ (ae) }e* 
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gives the length of the are of the curve y = f(x). Denoting this 
length by s, we may write the expression for S in the form 


[envas, 


ILLUSTRATION 11. ΤῸ find the area of that portion of a sphere 
of radius r which is cut off between two parallel planes at a distance 


h apart. 
The area is generated by rotating 
the arc AB of the circle 


x+y? = 7% 


about the axis Ox (Fig. 57). 
Let the 2-coordinates of A,B be 


a,b respectively, where 


b—a=h. 
Differentiating the equation of the 
circle with respect to x, we have Fig. 57. 
t+ yt = 0, 
dj\? . w+ # 
so that 1+ (2) = ‘a fy 


ee oye 


taking positive values. Hence the area is 


βίῳ 
= [ 20rae = are] 


= 2nr(b—a) 
= 2nrh. 


Note. This value depends only on r,h, and not on where the 
portion of the sphere is situated. It is actually equal to the area 
of a circular cylinder of radius r and height h. 


To 
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11. Approximate integration. The evaluation of a definite 
integral } 
[ ferae 


may present considerable difficulty, but it is often easy to reach 
a good approximation to the result. In this and the following 
paragraphs we give an account of some of the methods. 

We proceed by regarding the integral as the area ‘under’ the 


Se y = f(z) 


between the limits x = a,x = δ. In the diagram (Fig. 58), PA,QB 
are the ordinates x = a,x = b, of lengths y,,y, respectively, and 
the curved line joining A, B is given by the equation y= f(x). For 
ease of exposition, we assume that 
b>a and also that f(z) is positive in 
the interval; the modifications for 
other cases can easily be obtained. 

A crude approximation may be 
found by replacing the curve by 
the straight line AB, thus replacing 
the area under the curve by that of 
the trapezium PABQ, or 


$(b6—a) (Yat Yp)- 


To improve on this, we may divide the segment PQ into say, 
nm equal parts at points given by x = 21,%,...,%,_,, and erect 
ordinates to the curve, of lengths y,, yo, ...,Y¥,_, respectively. The 
curved segment AB may be replaced by the ‘chain’ of straight 
lines joining the ‘tops’ of these ordinates, and so we obtain n 
trapezia, whose areas are respectively 


Fig. 58. 


b-—a oA a=6 ia ὃ--α eal) ὃ --α 
a Ya 91)» Fp Vit Vals πο (Yot+Ys)s +++ x (Yn—1+ Yo): 
Adding, we obtain the approximation 


ὃ--α 
τη, at Yo) + Ξ(ψι + Yat a. +Yn-1)}s 


b-—a 


or 
2n 


{(sum of outside ordinates) + 2(sum of inside ordinates)}. 
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For example, consider [= dx, 
0 
where f(x) =x, 
b=la=0. 
Divide the interval into ten equal parts at the points 


vy = 1, Xs = “2, “40. ζ9 ==. "9. 


Then y, = :0001 Ye = °1296 
Y_ = *0016 Y_ = 5240] 
yz = 0081 Ys = "4090 
Y, = -0256 Yo = 6561 
Ys = *0625 
Yo=9, Y= 1. 


The approximate value of the integral is 
το] Ἐ2 x 1-5333} = τς (40666) 
= -20333. 


1 
The correct value is 4] 24 == -2, 
0 


12. Simpson’s rule. An approximation which is often much 
better than the ‘trapezium’ rule just given is obtained by replacing 
the curve y=f(z) by a parabola, of the form 


y = A+ Bue+ Cz’, 


made to pass through the end points and 
one intermediate point of the curve. 

[The ‘trapezium’ rule of § 11, is, of course, 
equivalent to replacing the curve y = f(z) 
by the straight line 


4- -— = Ab-a- “ὦ 


y=A+Bz Fig. 59. 


through the end points.] 

For ease of calculation, take fresh axes with the origin at the 
middle point of PQ, as in the diagram (Fig. 69). Let the ordinates 
through P,Q, 0 be of lengths y,, y,, y, respectively. The parabola 
is to pass through the points (4(b—a), y,), (0,41), (—4(6—4@), ψα). 
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Inserting the coordinates of the three ‘guide’ points in the 
equation y = A+ Bu + Cx? 


of the parabola, and writing h=4(b—a), we have 
y, = A+ Bh+Ch?, 


γι =A, 
Y, = A—Bh+Ch’, 
so that A=, 


1 
B= oh (Yo —Ya)s 


1 
Ο = της Yor Ya 2%1)- 
Now the area under the parabola (and this area is not affected 
by the simplified choice of axes) is 


h 
[ (A+ ΠΡ dex 
-λ 


= [4 +4$Bu*+ ἐσ] 2 


= 2Ah+ Ch? 
= 2hy, + $h(Yy + Ya—2y1) 
= ἐξλίψυ Ἐψα Ὁ 4) 
= 3(b—«a) {(sum of outside ordinates) 
+4 (middle ordinate)}. 
For example, taking the integral 


1 
[τὰ 
0 


considered in § 11, we have 


Yo=9 Y=1l w= we, 
so that the approximate value is 
${(1) + 4(1}}} = ἐ( 13) = ἐς 
= -20833, 


which is very good agreement for so simple a calculation. 
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Finally, we obtain Smapson’s RULE as follows: 
Divide the interval (a,b) into 2m equal parts at the points 


V4; Xo, eeery Von—1> 


and let the corresponding ordinates be 


Yrs Yoo «+> Yon-1" 


Apply the preceding formula to the interval (α, 39), giving the 
contribution 


b-—a 
I, ἘΞ θη (Yat Yot 4υ.); 
then to the interval (x,,2,), giving 
b-—a 
I, = Gn Wet Yat Sys); 


then to the interval (2,4, 9), giving 
b 


I, = =~ (Ys+¥o+ 445); 


and so on, up to 


b-—a 
I,= τὸν Yan-2 + Yp + 4Yon—1)- 


Adding, we obtain the approximation known as Simpson’s rule 
for 2n divisions: 


ἔτ {(sum of outside ordinates) 
+ 2(sum of even ordinates) 
+4(sum of odd ordinates)}. 


Applying this rule to [az with ten divisions, we have the 
approximation ° 
Boil +2 x -5664+ 4 x +9669} 
= (1 -- 1-1328 + 3-8676) = 75(6-0004) 
= -200013, 


which is noticeably better than the corresponding ‘trapezium’ 
approximation (p. 135). 
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EXAMPLES II 
Obtain approximations to the following integrals by dividing 
the interval of integration into ten equal parts and using (a) the 
trapezium rule, (b) Simpson’s rule. 


Ἢ [ wide: 2, [ ‘aa: 3. [e+ 1)2dz. 
4. Γ (®+a)de, δ. [ “(+ αὐ) de. 6. i ak 
αὖ - 0 
5 ἣν ἂν 
Fe I, (x*+2)da. 8. T+3" - Ἷ ine 


13. Mean values. It is a matter of ordinary language that the 
mean (or average) value of the seven numbers 
1, 3, 8, 7, 11, 5, 4 
14+3+8+7+11+5+4 39 
7 ΞΕ: 
and that the mean value of the thirteen numbers 
2,2,2, 3,3,3,3,3, 7, 9,9,9,9, 
where 2 occurs three times, 3 five times, 7 once and 9 four times, 
3(2)+5(3)+7+4(9) 64+15+74+36 
3+54+14+4 ~— 13 
. 8. 
13° 
If the numbers ¥,, Yo, ---, Yz APPeAaT 71» No, ..., 2, times respectively, 
the mean value is 


MY1 Ὁ ον, ... TMV Re 
Ny t+ Ngt ...+Ny 


If a plate is divided into k pieces, of uniform densities 


is 


is 


Wy, Wo, «+, Wy 
and areas A,, Ag, ..., A, 
respectively, the mean density is similarly 


A,w,t+A,v2+.. «Ἐάν 
A,+A,+...+A, 
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If a man walks for 4 hour at a speed of 4 m.p.h., for 5 hour at 

5 m.p.h., rests for 20 mins., and then walks for 14 hours at 

34 m.p.h., his mean speed for the whole time is, in the same way, 
ἐ(4) Ὁ [(6) Ὁ (0) (Ὁ 2+E+0+% 8ὲ 102 


ἐτἐτέτε 2 ὃ δ 
= δῷς m.p.h. 
The last example serves to warn us of a danger: the distance 
travelled is 2 miles at 4 m.p.h., 1} miles at 5 m.p.h., rest for 


20 mins., and then 5} miles at 3} m.p.h, The mean speed for the 
whole distance is 


2(4)+8(5)+0(0)+42) 8:1: 6 1183 261 


2+$+0+% δὲ ~ 68 
= 333 m.p.h. 


In other words, the mean speed with respect to time taken is 
NOT the same as the mean speed with respect to distance covered. 
Where there is any possibility of doubt, the magnitude with respect 
to which a mean is calculated must be clearly stated. 


These examples illustrate the evaluation of a mean for discrete 
numbers, and we assume that the ideas are familiar. Our problem 
is to extend the conception to the mean value of a function of a 
continuous variable. In order to do this, we make a definition of 
the term ‘mean’, choosing that definition to fit in with the more 
elementary considerations. 


Derrnition. J'he MEAN VALUE of the function f(u), defined for all 
values of ὦ in the interval (a,b), is the quotient 


[ford 
[a j 
or = [ f(u)du. 


Uf(u;) du; 
| Compare 
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ILLUSTRATION 12. To find the mean density of a straight rod of 
length 2a, given that the density at a distance k from the middle point 
is p(a+k)?. 

Take the middle point O of the rod as the origin for a coordinate 
x; then k = +2 when z is positive and —x when z is negative. 
The interval of integration must therefore be divided into the two 
parts (—a,0), (0,a). Then the mean density is 


LIP pars [tea 


0 


= 5{[-det@—2r]" «ρα τω} 


= 5 {(—4pa?+ tp.8a%) + (4p. 8a —4pa)} 
1 /14 

-αίτ >") 

= τραϑ, 


APPLICATION TO A VOLUME OF REVOLUTION. 
To find the mean density of a solid of revolution whose axis ts 
vertical, given that the density at height x above its base is 


G(z) 
(a function of x only), the height of the solid being h. 


Suppose that the radius of the ‘slice’ (Fig. 60) SS 
at height x is r, where ) 
γ = f(x). 
The volume between the base and that slice is 


(p. 126) [ 
v=| πηγάς, 
0 


Fig. 60. 
so that (p. 87) = = wr, ὌΡΗ 


The mean density with respect to volume is, by definition, 


V 
Gdv 
0 
b 
υ 


Je 
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where V is the total volume of the solid and where @ is the 
function G(x) regarded as a function of v in virtue of the relation 
connecting the two variables »v, 2. 


dv 


Moreover, since = 7r*, these integrals can be expressed in 


dx 
terms of x in the form 
h 
i G(x) πᾶς 
h 3 
ar dx 
0 
where ὕω f (x), 


a given function of 2. 
Hence the mean density can be calculated. 


ILLUSTRATION 13. 70 find the mean density of a sphere of radius a, 
given that the density at a distance x from a given diametral plane 
is Az’, 

By the formula just obtained, with obvious modification, the 
mean density is 

* Aa artde 
ἘΞ Saree 
| ar dx 

-α 


where, for a sphere, r+ a? = αϑ, 


Now [ nde = [ἡ πία' -- αὐ άε = n|ata— ja] 


_ δ παϑ, 4 
as is familiar. 
Also [ TAx*rdx= | mwAx*(a?—2x*)dx 
ἌΡ᾽ [aata®—aes]" 
= 7 7Aa', 


Hence the mean density is 
+Aa?, 
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APPLICATION TO A SURFACE OF Revotution.* To find the mean 
density of a surface of revolution whose axis is vertical, given that the 
density at height x above its base is 


G(x) 


(a function of x only), the height of the surface being h. 
Suppose that the radius of the ‘ring’ at height 2 is r, where 


r= f(z). 
The area of surface between the base and that slice is (p. 132) 


dr\? 
= [omr,/{1+ (2) \ae 
2 
so that (p. 87) a = amr /{1 + (Z) ) 
The mean density with respect to area is, by definition, 
A 
Ϊ Gas 
0 
A > 
{ ds 
0 
where A is the total area of the surface, and where @ is the 


function G(x) regarded as a function of S in virtue of the relation 
connecting the two variables S, zx. 


eee) 
these integrals can be expressed in terms of « in the form 
[ec Qa | f + (z) | de 
fond b+(a)}e 


where ihe f (x), 


a given function of x. 
Hence the mean density can be calculated. 


* This application may be postponed, if desired. 
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ILLUSTRATION 14. A bowl of depth a is formed by rotating that 
part of the parabola y? = 4ax 


for which 0<x<a about the x-axis. The density of the ‘ring’ at 
position x is a+x. To find the mean density of the bowl. (See 


Fig. 61.) 
Adapting the formula given above, the 
mean density is 


ΤΉ (ae 
[reve] {i (Ge) 


Now y* = 4az, 
d 
so that ay = 4a, Fig. 61. 
dy\? 4a 4a? 
and ἘΠΕ ἡ ἀμ 
_ (a@+2) 
=—_—. 


Hence the mean density is 


a 9π {4.5}. ce | 


The numerator is 
ἐπ α [ἡ (a+2)ida = Στὰ +2)! ' 
= ἔπ γα{(2α)} -- (α}}} = §nat(4 {2 -- 1) 
The denominator is 
ἀπ α ["(a+2)hde = dr Ja.9| (0 +2)*|" 


= $7 ψα{(2α}} — (a)¥} = ἐπα (2 2 -- 1). 


ἐς 8 (4.2 -- 1), 
The mean density is thus ; 5 (22-1) 


or, ou multiplying numerator and κὰν aid by 2,/2+1, 


3(4y2-1)(2y2+1) | 
a ἢ ὅπ (16.3.2) 
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EXAMPLES III 
1. ABC is an equilateral triangle of side 2a, and a point P is 
taken on the side BC. Find the mean value of AP? as P varies 
on BC, 


2. Find the mean density of a rod AB of length 21, given that 
the density at a point P is AP?+ PB*. 


3. Find the mean density of a thin hemispherical cap of radius a, 
given that the density at a distance x from the base is a+2. 


4, Find the mean density of a thin bowl formed by rotating 
that part of the parabola y? = 4az for which 0<%<a about the 
a-axis, given that the density of the ring at position z is (i) (a+ 2)’, 
(ii) a? + 2. 


REVISION EXAMPLES II 
‘Alternative Ordinary’ Level 
1. Integrate (2%—3)? and 2a* with respect to 2. 
2. Evaluate the integrals 7 


[-«, [ates (> 
-ι —1 1% 


How could you show graphically, without evaluation, that the 
value of the first integral is greater than the value of the second? 


3. Find an expression which, when differentiated with respect 


to x, gives 1 
αἰ: μεν 
Find the value of the integral 
ἢ (x+ 1)3 da. 
-1 


4. Integrate with respect to z: 


(i) w(1—a)*; (ii) sin* a. 
ἐπ 
Evaluate Ι sin 22 cos χα, 
0 


5. Integrate with respect to 2: 
(i) (w+1)*; (ii) cos? 3a. 


ἀπ 
Evaluate i sin? x cos σα 
0 
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6. Integrate the following with respect to 2: 


l—at 
x > 


a® 23° 
7. Calculate {( eer + =) dx. 


(i) sin?’z; (ii) (iii) sin 2 2 cos x. 


8. A curve has a gradient which is given by = = 8. -- ῶ; also 


this curve cuts the y-axis at the point where ᾧ τ 4. Find the 
equation of the curve, and the equation of the normal at the 
point (0, 4). 
9. Find the equation of the curve which passes through the 
point (0,1) and whose gradient at the point (x, y) is given by 
dy 


i age 4.8 — x, 


Find the values of x for which y is a minimum and draw a 
rough sketch of the curve. 


10. The gradient of a curve at the point (2, y) is 1 = Find the 


equation of the curve if it passes through the point (2, 4). 
Find the point of contact of the tangent which is parallel to the 


tangent at (2, 4); also find the equations of both of these tangents. 


11. Prove that the z-axis is a tangent to the curve y = (3. -- 1)3, 

Find the area bounded by this curve, the x-axis, and the line 
z=1, 

Find the area bounded by the curve, the z-axis, and the tangent 
at the point (1, 1). 


12. A curve passes through the point (2, 5) and its gradient at 
the point (x,y) is 1— = Find the equation of the curve. 
Where has y a minimum value on this curve? 


13. Calculate the area bounded by the curve y = z?+2 and the 
lines y= 2,x=landz=3. 

Calculate the area in the first quadrant bounded by the curve 
y = x* and the lines x = 0, y = land y = 4. 
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14, A particle starts with a velocity of 2 ft. per sec. and moves 
along a straight line. Its acceleration in ft. per sec. per sec. after 
tsec. is¢+3. Find its velocity at the end of 2 sec. and the distance 
travelled in the next 2 sec. 


15. A particle starts from rest and moves in a straight line. Its 
velocity in ft. per sec. is given to be ϑέ -- ἐξ, where ¢ is the time in 
seconds from the commencement of motion. How far will the 
particle have moved in 3 seconds? 

Find also its greatest distance from the starting point, and the 
value of ¢ when this distance is reached. 


16. The velocity of a train starting from rest is proportional to 
t?, where ¢ is the time which has elapsed since it started. If the 
distance it has covered at the end of 6 seconds is 18 ft., find the 
velocity and the rate of acceleration at that instant. 


17. A particle moves in a straight line with velocity 7ὲ -- ἐξ -- 6 
ft. per sec. at the end of ¢ seconds. What is its acceleration when 
ἐ τε 2 and when f = 4? 

When ¢ = 3 the particle is at A; when ¢ = 5 the particle is at B. 
Find the length of AB. 

For what values of ¢ is the particle momentarily at rest? 


18. A train starts from rest and its acceleration ¢ sec. after the 
start is }(20—t?) ft. per sec. per sec. What is its speed after 20 sec. ? 

Acceleration ceases at this instant and the train proceeds at this 
uniform speed. What is the total distance covered 30 sec. after 
the start from rest? 


19. A body starts with velocity zero from a fixed point O and 
moves in a straight line; its acceleration ¢ secs. after it leaves O is 
3—t ft. per sec. per sec. Find the velocity of the body 4 sec. after 
leaving O and the distance travelled in the third second of the 
motion. 


20. The velocity v of a particle moving in a straight line OA is 
given by the equation div? 
10) 
where z is the distance from O and v= 3 when x= 2. Find v 


when x = 0; also find the greatest positive value which x attains 
during the motion, 
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21. The velocity of a particle moving in a straight line is 
observed to be 4έ-: 4{3 -- 8 cm. per sec. at the end of ¢ sec. Find 
the acceleration of the point after 4 sec., the distance of the point 
after 5 sec. from its position when ¢ = 0, and the distance travelled 
in the fourth second, 


22. A body starts from a point O and moves in a straight line. 
Its velocity at O is zero and its acceleration ¢ sec. after leaving O 
is 5—t ft. per sec. per sec. Find the greatest velocity attained by 
the body on its outward journey, and its distance from O at the 
instant when it begins to return towards O. 


23. A particle moving in a straight line has an acceleration of 
3—t ft. per sec. per sec. at time tsec. When ¢ = 1 the particle is at 
rest at a point A. Find for what value of ¢ greater than 1 the 
particle is again at rest and how far it is then distant from A. 


24. The velocity ὃ (in ft. per sec.) of a particle moving in a 
straight line is given by v = #—7¢+10, where ¢ is the number of 
seconds which have elapsed since the particle passed through a 
fixed point O on the line. Show that the particle is momentarily 
at rest at each of two points A and B on the line and find the 
length of AB. 


25. The velocity v in feet per second of a point moving in a 
straight line is given by v = 3i?+2¢+1, where ¢ is the time in 
seconds that has elapsed since a given instant. Find the accelera- 
tion when ¢ = 2 and the distance covered between the times ¢ = 2 
and ¢ = ὃ. 

26. A car starts from rest with a variable acceleration, its 
acceleration after ¢ seconds being (a—3t) feet per second per 


second. If the distance covered in the first 4 seconds is 88 feet, 
find the value of a. 


27. From the point P(2,4) on the curve y = 2, PN is drawn 
perpendicular to the axis of x. Find the area bounded by PN, the 
axis of x and the curve. 

Find also the x and y coordinates of the centre of gravity of this 
area. 


28. Find the area bounded by the curve 
y = (x+1)(%- 2)? 
and the z-axis from x = —1 to z = 2. 
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Find also the x-coordinate of the centre of gravity of this area. 


1 
29. Calculate { x(x — 1) da. 
-1 
Find the area bounded by the curve y = x(z*— 1) and the z-axis 
(i) between x = —1 and x = 0 and (ii) between x = 0 andz=1. 
Explain with the aid of a rough figure the connexion between your 
results and the value of the integral found in the first part. 


30. Find the coordinates of the centre of gravity of the area 
which lies above the (positive) z-axis and below the curve 
y = x7(3—2). 


31, Find the area bounded by the curve y = 2’, the axis of x 
and the ordinates x = 1 and x = 2. 
Find the x and y coordinates of the centre of gravity of this area. 


32. Calculate the coordinates of the centre of gravity of the area 


enclosed by the straight lines z = 0, y = 0 and the portion of the © 


curve y = 9 --αὐ which lies in the first quadrant. _ 
33. Find the 2-coordinate of the centre of gravity of the area 
bounded by the z-axis, the y-axis, and that portion of the curve 
y = (w+1) (4 -- α) 
which lies in the first quadrant. 
34, Find the area included between the axis of x and the portion 


of the curve y = x?—9 below that axis. 
Find also the coordinates of the centre of gravity of this area. 


35. A flat thin plate of uniform density is bounded by the 
two curves y = z*, y = -- οἱ and the line x = 2. Find its area and 
the coordinates of its centre of gravity. 


36. Calculate the area above the z-axis bounded by the curve | 


y = 2χ(8 -- “) and the z-axis. 
Find both coordinates of the centre of gravity of this area. 


37. A uniform lamina in the form of a quadrant of a circle of 
radius a is bounded by radii OA and OB. Find the distance of the 
centre of gravity of the lamina from OA and from OB. 

By considering the rotation of the lamina about OA, prove that 
the volume of a hemisphere of radius a is ὅπαϑ. 
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38. The area enclosed by the parabola y? = 4x and the straight 
line 2 = 4 is rotated about the axis of z through two right angles. 
Find the volume of the solid so generated and the x-coordinate of 
its centre of gravity. 


39. An area in the first quadrant is bounded by the ellipse 
422+ 9y? = 36 and the axes of coordinates. This area is rotated 
through four right angles about the x-axis. Find (i) the volume 
generated and (ii) the z-coordinate of the centre of gravity of this 
volume. 


40. The area bounded by the are of the curve y = 2(3—2) 
between the points when x = 0 and x = 2, the z-axis, and the line 
x = 2, is rotated about the z-axis. Find the volume of the solid 
of revolution so generated, and the x-coordinate of its centre of 
gravity. 

41. The curvey? = x?(2—2) cuts the a-axis at the points given by 
«= (Qand #=2. The area enclosed by the z-axis and the curve 
between these two points is rotated through four right angles 
about the axis of x so as to form a solid of revolution. Find the 
volume of this solid and the x-coordinate of its centre of gravity. 


42. Solids of revolution are generated by rotating (i) about the 
x-axis the area bounded by the arc of the curve y = 22? between 
(0, 0) and (2,8), the line z = 2 and the z-axis; (ii) about the y-axis 
the ara bounded by the same arc, the line y = 8 and the y-axis. 
Calculate the volumes of the two solids so formed. 


43. A cylindrical hole of radius 4 in. is cut from a sphere of 
radius 5 in., the axis of the cylinder coinciding with a diameter of 
the sphere. Prove that the volume of the remaining portion of 
the sphere is 367. 


44, Sketch the curve whose equation is y = 2° and find the area 
bounded by the curve, the positive z-axis, and the straight line 
w= 2. 

Find also the volume generated when this area is rotated about 
the x-axis through four right angles. 


45. A uniform solid right circular cone is of height h and the 
radius of its base is r. Find the volume by the methods of the 
integral calculus. 


ΣΙ 
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Find also the distance of the centre of gravity of the cone from 
its vertex. 


46. The radius of a sphere is 5 in. Two parallel planes are 
drawn at distances 2 and 3 in. respectively from the centre and 
1 in. apart. Use the calculus to determine the volume of the slice of 
the sphere between the two planes. 

[Regard the sphere as formed by the rotation of the circle 
x+y? = 25 about the z-axis. ] 


47, Sketch roughly the two curves 
αἰ γῆι 25, a%+4y2 = 96. 


A solid is formed by the revolution through four right angles 
about the x-axis of the part of the area between the two curves in 
which y is positive. Find the volume of the solid. 


48. Find the volume of the solid of revolution generated by the 
rotation about the a-axis of the area bounded by the curve y? = 2z 
and the line y = 4a. | 


ai soa 
49. The ellipse ath =] 
is revolved about the z-axis. Find the volume of the solid so 


formed and the z-coordinate of the centre of gravity of its right- 
hand half. 


50. The area between the circle z?+y? = 16 and the ellipse 
9x° + 16y* = 144 is rotated about the x-axis. Calculate the volume 
of the solid of revolution so formed. 


51. A solid of revolution is formed by rotating the portion of 
the curve y=asinz between x= 0, x= ἐπ about the z-axis. 
Find the volume of the solid and the distance of its centre of mass 
from the origin. 


52, Find the area included between the curve y = 2+22+ 323, 
the axis of z, and the ordinates at = 1,2 = 3. Show also that 
the area is exactly equal to that of a rectangle on the same base 
(of two units) whose height is }(y,+4y,+4;5), where Yr) Yo Ys are 
the ordinates at x =1,z=2,4=3 respectively. 
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53. Apply Simpson’s rule to calculate approximately 


ἐπ 
Ϊ y(2+sinz) de, 
0 
making use of the table: 


x 


4(2+sin x) |} 1-414 | 1-544 | 1-645 | 1-710 | 1-732 


54. Prove that 
b 
i) ydx = ξ(ὃ -- α) {¥y+Yat ϑίψ, Ἐ Ψ9)}}» 


where y is a polynomial in x of the third degree, y,, y, are the values 

of y corresponding to the end points, and y,, ΨΩ are the values of y 

corresponding to the points of trisection of the interval a, ὃ. 
Hence obtain an approximate value for 


Τ ᾿8.-ϑϑβάε. 


55. Use Simpson’s rule, taking five ordinates [four divisions], to 
find an approximation to two decimal places to the value of the 


tees file) 
2 -- --Ἰ dx. 
1 x 
56. A river is 80 feet wide. The depth d in feet at a distance 


x feet from one bank is given by the following table: 


z« 0 10 20 30 40 50 60 70 80 
4.9 δ 3 .9. 2.36. 44:,38. 8 


Find approximately the area of the cross-section. 
57. Establish Simpson’s rule that, if 
f(x) =A+ But Cau? + Dz’, 


ee ἢ fla)dx = 4{f(0)+f(1) + 4}}. 


Prove also that, if 
f(x) =A+ But Ca? + Da? + Ext, 
then the error in still using that rule is τὴν Z. 
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58. The speed v in miles per hour of a train starting from rest is 
observed at intervals of one minute: 


Crk Bae ©. eo oe Co 8 
vo Ὁ 7 138 18 22 25 28 33 27 


Estimate the distance covered in the eight minutes. 
59. Show that constants a,b,c exist such that, if f(x) is any 
polynomial function of degree five (or less), then 
2h 
[Fr fe) de = Maf(0)-+ B70) +f(—O)] +eLf(2h) +/(—20)}. 


Show also that, with these values of a, b,c but with f(x) =2*, the 
expression on the right is equal to ; J (x) da. 
—2h 


ἀπ 
60.. evaluate [ πε eas 


approximately by Simpson’s rule, using five ordinates (i.e. at 
intervals of 3'57). 


tn 
61. Evaluate { Osin? 0d6 
0 


to three decimal places both by an exact method and by Simpson’s 
rule using five ordinates. 
62. If y= a+bx+cx*+dz', prove that 


3h 
" yda = ξμίγο "ὃν, + 8... Ys), 


where Yo, Y; Yo; Ys on the values of y at x = 0, ἡ, 2h, 3h respectively. 
Hence approximate to the value of 


{ ma +8 sin? )3 2. 
0 


63. Using Simpson’s rule with seven ordinates, calculate the 


area under the curve 
y= 2°+3 


between the ordinates z = 0, x = 6. 


ANSWERS TO EXAMPLES 


CHAPTER I 
Examples I: 


1, (i) z2y—-y8 = 4, 
2. a® = 6? +c", ὁ = (a? -- 63). 


(ii) a? +? — Jy = 2, 


Examples IT: 
1, 1;land —1;none;land3. 2. nz; 4(2n+1)z. 
ὃ. 0; land —1. 


Examples IV: 
1. 1, 2. —1. $.-1, 4. 0. 
5. 4. 6. 4, 7. —2. 8. 0. 
Examples V: 
5; ἃ, 2. land —-1. 3. 3 and —3. 
4. 1 and 2. δ. nz. 6. 4(2n+ 1)π. 
7. $(2n+1)z. SD, 9. 3 and —3. 
10. 3(4n+1)z. 11. None. 12, (2η.- 1)π: ἐπ. 
Examples VI: 
1. 3 at each value of x. 
2. —2, 0, 2, 4. 
6. 1 «δ᾽. 32. 
8. 2e—y—1=0, ἐσ ἐν 4 - 0, y=0, θα --ἶ -- 9 - 0. 
9. da—y—1=0,¥y+1=0, 2x-y=0, 


Examples VII: 
9. 4, 20, 12. 
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Examples VIII: 13. sin 2a. 14, —sin 22, 

1. Tangent 302—y—45 = 0, normal z+ 30y— 1353 = 0. 15. 3sin®zcosz. 16, —3sinzcos*2, 
Tangent 202+y+20 = 0, normal 5 -- 20 - 402 = 0. 17. sin? 2 +2 sin 2x. 18. 2% cos*%—x* sin 2a. 
Tangent y = 0, normal z = 0. 19. 2x cos? 2a — 2.5 sin 42. 20. sin?a+(1+2)sin 22. 

2. Tangent 12. --ἶὖ -- 16 = 0, normal z+ 12y—98 = 0. 21. —sin(x—4z). 22. cos 2a. 

Tangent 3e—y+2 = 0, normal z+ 3y+4 = 0. 23. 42-4, 24. —fa-t, 
Tangent y = 0, normal z = 0. 25. g2-t sin? 2+! sin 22. 26. 4cosa(sinz)-. 

3. (i) Tangent 12. --ἶὖ -- 34 = 0, normal x+12y—2= 0. 27. (1- 5 οοὔ “) (sinz)}. 28. 2a(sin 4a)* (1 +2 cot 42). 
(ii) Tangent y+8 = 0, normal z = 0. 29. —cosecx cota. 30. secxtan2. 

31. sec*z. 32. —cosec*z, 
a ες. 33, — δ sin 22°, 84, = sec? 32°, 
Examples I: 

ms 2. A(x +3). 35. sin” + cos2®. 36. 730 Sin 2°. 

3. 8(2. - 8)3, 4. 4.5-. 2a, 

5. 8.3(5 -- 1)5 (2. -ἰ 1). 6. 2(v+1) (w+ 2) (2 -ἰ 3). Examples IIT: 

1. —2x-3, 8. —4a-5, 1. 5x4, 20x23, 6027. 

9. —3(a+ 2). 10. —10(2~+3)-*. 2. 3x, 62, 6. 

11, —21(3a—5)-8. 12, —8(4¢+3)-%, 3. 1, 0, 0. 
13. 4074. 14. 20-4, 4. sinz+acosz, 2cosr—xsinz, —3sinz—zcos7z. 
15. 5. (85 -᾿ 1). 10. (25- 8).}. 5. 2acosx—2*sinz, 2cosx—4asinzx—z* cosz, 
17. 4(5¢+7)-. 18. -- ἢ. —6sine—62cosx+2*sin x. 
19, —}(2+7)-*. 20. (3a + 2) (24+ δ). ἢ. 6. sin? z+2sin 27, 2sin 27+ 2x cos 2x, 6 cos 2a — 4x sin 2a. 
21. (,. τ 1). 3. 22. 6x(2a+3)-%. 7. 2cos 2x, —4sin2z, —8cos 22. 
98, —4a-H(20z+1)(4a—1)-*. 24. ξ(ω -- 6) (w@ +1) 4(@—-1)-4. 8. -- 4 εἴη 45, —16cos 452, 64sin 42. 
9. sin 27, 2 008 27, -- 4 βίη 2a. 
Examples II: 10. -,αστὐ 22-8, — 62-4, 

1. 2cos 25. 2. —3sin 82. 11, —2(2%—3)-*, 8(2%—3)-8, -- 48(3. -- 3)-3, 

3. 25cos 5a. 4, sin 27+ 2a cos 2a. 12. —3a-4, 122-5, — 602, 

5. 2xcosx—2*sinz. 6. 3cos 85 -- 9xsin 2. | 

7. 2(a+1)sin7x+7(a+1)*cos7z. 8. 3cos(3x+5). Examples IV: 

9. 6(2¢+ 1). 10. —4(%+2)-. 1. 2sec 25 tan 2a. 2. 4sec? 27 tan 22. 


11. cosecx—z cosec x cota. 12, 1+sinz+z 608 ὦ. 3. 45605 2 tan 2x. 4, 9sec" 3x tan? 3x. 
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5. cosec2—2zcosec x cot 2. 


7. secxatan*z+sec® 2. 
9. —6cosec® 22 cot 2a. 


EXAMPLES 
6. 2x cot 2a — 227 cosec? 22. 
8. $sin2(cosz)-?. 


10. ma™—1 tan” z+ n2z™ tan”! x sec? x. 
11. —ma-™-1 sec" 2+ mx-™ sec” x tan 2. 


12, 42-4 tan? a + 22! tanz sec* x. 


Examples V: 

1. (i) 2, ae (ii) 2, Bt (iii) 2, et 
(iv) = —2, ὃ. (v) > 2 (vi) 5 2, 2. 

2. tante τς 3. τ A) 
4. 00s" — τ Ξ την δ. 8.5 εἰη-1 2x4 Ξε 
δ; ϑυοθευβει 9, Sane, 
8. aay" 9. — ae 
10. nai 11 ai 
12. (908-42) ϑέοε ἀν 13. 2xsec*ax+ τὰ 1)’ 
14. cosec1 a — Tak ἢ 1ὅ, 2a(sin—* 2)? ee 
16. ero ero} 

Examples VI: 
1, 6 per cent. 2. 2 per cent. 
3. 0-2. 4. 0-00023. 


ANSWERS TO EXAMPLES 


CHAPTER [11 


Examples I: 
1. ¢=-—7sinzt, ἃ = —7* cos at. 
2. ἃ τὸ ἔποοβ ἐπί, ἃ = —4n’*sin dat. 
3. ἃ τὸ 5—64t, = — 64. 
4. = 64t, = 64. 
5. = sin}nt+4atcos4at, = wcos hat —4r*tsin dat. 
6. = 2έ008 ἀπέ -- ἐπέ βὶη ἐπί,, 


& = 2 008 ἐπί -- 2πί βῖη ἐπί -- 1π2 15 cos dat. 
7. ἃ τὸ 2t—96, # = 2. 
8. = βίη ἐπί -᾿ ἐπέβη πέ, = asin πί + 4n%tcosnt. 


Examples II; 

a. Ἐ 3. —4. 
Examples III: 

1. 0. 2; 1. 

3. —l andl. 4. —1, 0, and 1. 

5. na+4n, all integral n. 6. 4n7+4r, all integral n. 

7. na, all integral ἢ. 8. 2ηπ, all integral n. 
Examples IV: 

4. (i) e>4. (ii) All 2. 

(iii) |a|>1. (iv) z>0. 


(v) —l<a<Oandz>1. (vi) ὦ «1 and 5" 4. 


Examples VI: 
1. Minimum, 
2. Minimum. 
3. Minimum at x = 1, maximum at x = —1. 
4, Minimum at z = —1 and 1, maximum at x= 0. 
δ. Minimum at ἃ = 2ηπ -- ἔπ, maximum at x = 2nz+ ἐπ. 
6. Minimum at 2 = n7— ἔπ, maximum at ὦ = ἐπ -ἰ }π. 
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7. Minimum at x = (2n+1)7, maximum at x = 2nz. 
8. Minimum at z = 


10. (i) Maximum at x = —2, inflexion at x = 0, minimum at 
x= 2. 


2(2n+1)7, maximum at x = 4nz. 


(ii) Maximum at x =-—1, inflexion at ὦ =—4, minimum 
at x = 0. 
37 ὅπ 


11. Maximum at z= ana εξ, 2nm + πος , 2n7+— 1" 


Minimum at # = ona +, were nm στ. 
12. (i) Maximum at x = 1, minimum at z = 2. 
(ii) (a) e<landa>2. (δ) 1 «“ «2. 


Examples 1X: 
2. ἢ é=1, Gi) ξ «3. (ἐδ ὃ «1. 
Examples XI 
Ls 20S the 2h. κ᾽ ~ Se. 
REVISION EXAMPLES I 
1. (i) weose. (ii) 6x—10. (ὧδ aa 
2. (i) os) . (ii) sin2xcos2x. (iii ) ar 


3. (i) 20-5. (ii) 2tan asec? a, 
: 2 os cos & 
Wham. I oan ay (1+sin x)?” (itt) Tata) a" 


5. (i) 2%(1+2)(3+5a). (ii) 2sin 45. = 


(iii) J — 223)" 
6. (i) 6a(1—2). (ii) 2cos2zcosx—sin 2xsin2. 
7. 2e—y—1= 0, θα -- ὃυ -- 8 = 0. 

8. O, 2a-—y = 0; 4, Ἐ ν--1 τ 0; B, 2x—y—4 = 0. Intersection 


é- 


rT x 
(111) (l—22)t’ 
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. Maximum at ὦ = 0, minimum at «= 2. Parallel tangent at 


z=-l. 


3° 27 


. 4e—2y+5=0. Point (5, 55)" 


3. 13 2 
(5. - 8. © (5:8. 
. δα --ἰ -- τε 0, (2,4), (4, -- 8). 
. Gradient 4h, tangent y—k=4h(z—h). Tangents through 


origin y = + 122. 
5 3 


. ©=-—and -- - 


6 ΓΝ 
-- ῶ, ὃ τὸ --ϑ, ὁ -Ἥ 12, ὦ - 0. 


. Maximum value 9 at x = -- 1; minimum value -- at x= 1 


and at x = —3. 


. Maximum value 4 at 2 =—2; minimum value 0 at z = 2. 


Tangent 32+ 2y—4 = 0. 


. (1, 27) and (2, 0). 

. (1,6) and (3, 2). 

. Gradient zero, minimum. 

. (1,2) and (3, —2). Three positive roots, one between 0 and 1, 


one between 1 and 3, and one greater than 3. 


. Velocity = 2pt+ 3qt?, acceleration = 2p + 6gt, p = 12,g=—1. 
. Velocity = 0, acceleration = —4. 14 seconds, 18 feet. 

. Velocity 16 ft./sec. Acceleration 14 ft./sec.* 

. Velocity = tcost. Acceleration = cost—tsinté. 

. $ sq. in., 4 sq. in. 

. 32 ft. 


. Time μὴ hours. 


. = 18:7. 

. 4500 cu. ft. 

. Volume 7} cu. ft. Length 4-09 ft. 
. 48 sq. ft. 


. Area = τε (? —2la+ 22°). x= 


19] -- 
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37. Area = yy2*+7;(1—2). Minimum. 15. 0+ ξ (5 1). 16. 6 -- ξ(2. 1), 
39. $h per cent. 11. C—4(4a—3)-%, 18. Ο--(ζα-- 1), 
40, = ot, in, per nee. 19. σ- ξ( Ὁ 1}}. 20. σ-:-ξ(α--1}}. 
2a 21. C+2(e+1)}. 22. C+ (2¢+1)t. 
41, Shortened, 4; per cent. 23. C—(2¢—3)-4. 34, C+4(3x+1)}. 
42. (i) 0-15 π cu. in. per sec. (ii) 0-16 7 sq. in. per sec, 25. C—4(a? +1)". 26. Ο--ξ(α" +1). 
43. (i) 0-00008 in./sec. (ii) 0-025 cu. in./sec. 21. O—y5(3a5 +1). 28. C+35(1 — δα"). 
dr 29. C—3cos*a. 30. C+40cos*z—cos 2. 
44, a= —3 in. per hour. 247 sq. in. per hour. $1, C+}sin?2—4sin's. 32. C-+4tan3x—2, 
45. th per cent. 33. C—4(1+tanz)-*. 34. C+seca+4}tan*z. 
35. C+tanz+}tan*z. 36. C+ 4 tan*z. 
CHAPTER IV 
Examples 11: seit ω τ ‘ — 
2. Atal, Ass, A+ dat 1. O47 tan 5 + gmt 4). 
3. A+4sin 2x, A—2cos hz, A+a-+sinz, Cyaan Se er 
3. C+a—tan“z. 
Be δέοι Ae δα 4, O+4sin 2+ .χ(] -- αἣ), 
6. 1, 4, π, 3a. 5. O+sin-12—(1—2*)t. 
1. hbo 6. 0+ }sin-tx α(22᾽-- 1)(1 -- αὐ», 
7. C—3(2+2)(1—z). 
8. ἐπ. 8. C—#(18+2) (9 -- α)}. 
9. 6-- (8 -- 3.) (1 -- α)}. 
CHAPTER V 10. C+435(15a? + 48a + 128) (w—4)?. 
Examples I: 
1. C—4cos 22, 2. C+4sin 3a. Examples Ill: 
διμαπδιρες δ΄ ἘΥΜΕΒΕΎΣ, 7 os ae ἘΣ ὁ, ἦν. τ Ὲ wy 
5. C+2sec 4a. 6. C+4(%+1)%. 
1. σ: 3.6.3}. 8. σ..1(5 δ). he, υ a= πο 8. 9. ἢ. 10. 44, 
9. 6-- Δα -- 1η-8. 10. C-3(a—2)-4, 
11. 0--χ(α--1).3. 12. 6σ--(α-- ὅγ-3. Examples IV: 


13. C+4(2r+1)%. 14. 0+ 24(52—3)4. Lun οἷ 8. 3. 3. 
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Examples V: 
1. C+zsinz+cosz2. 


to 


3. C+axsec*z—tan a. 4. C+ 1χϑίαι ἴα -- ἐχ -ἰ tan. 
π a 
5. 4r—1. 6. 5-1-7. 
7. m®4+20—2, 8. θ6-- 2π- 3π8, 
Examples VI: 
1. 6 -- τς 605 62 -- ᾧ cos 42. 2. C+4a+4sin 32. 
3. C+42— ἧς sin 8z. 4. C+4sin 25 -- τς βὶη 62. 
Agi ᾧ 6. 8. 1. }. 8. 


: 16° 
Examples VII: 


1, δ: dntecteun diene dine x 
6 24 16 16° 


1 6 8 16 
2. 8 = 2 
C+, sin cos x + =~ sin x cos* % + τε sin x cos στ τε sin x 


96 inecen "aint ΞΡ ΙΝ 
9 68 105 


ae 128 
— =. sin* 0082 ------ cos &. 


315 315 
357 16 63 
. 256" 5. 35° 6. 512° 
1 (2n—1)(2n— MH 2 le 2n(2n—2)... 4 
᾿ς Qn(2n—2)... oy " (2n+1)(2n—1)...5.3° 
9 ee ; 


* (Qn+ πῶς Ὁ 6 


Examples VIII: 


1 16 9 2 γα 
᾿ 1155° "68. " (m+n4+1)l" 
(2m — 1)? (2m—3)*...32 π (m!)2 
: 22m(2m)| a * 2(2m+1)" 
15.10...:.2 Tn 
6. 2 ΙΤοτ,... 7 °. ἅς ome 


. C+2?sinxz+ 2x 008 5 -- 9 51η x. 
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CHAPTER VI 


Examples I: 
1. π. 2. $a. 3. lla. 
Examples 11: 
1, (a) 0335, (δ) 0-333. 2. (a) 60-1, (b) 60-0. 
3. (a) 8:68, (ὁ) 8-67. 4, (a) 0, (b) 0. 
5. (a) 0-680, (b) 0-667. 6. (a) —0-248, (b) —0-250. 
7. (a) 648, (ὁ) 638. 8. (a) 0-694, (δ) 0-693. 
9. (a) 0.322, (δ) 0-322. 
Examples 111: 
LR ag 2. 8/2, 3. $a. 
4, (i) Zo Se" (31 +62). (ii) τὰς (325 +62). 


REVISION EXAMPLES II 


1. (2x—3)8, $a 
2. ὃ, ξ, 1. 
Δ, 8 
3. $a? + 20 — 335 3° 
4, (i) 4a3—4at+ a5. (ii) fa—fsin2x. (iti) 8. 
δ. (i) e+. (i) δ Ὁ ὑγβίη θα. Gili) $8. 
6. (i) Je—}sin 2x. (ii) -Σ- τω. (ii) —Zcos* a, 
7. 10a. 
8. y = $a*- 2744, 2υ.--α-- 8 = 0. 


9. y= 2*—42?+1, minima at x =  ᾧ. 


10. 


ΣῈ; 


i ns (—2,8), z+ y—6 = 0 at (2,4), e+ y—§ = 0 


at (—2, $). 
ἢ, τς. 12. y=o+—tl, (1, 3). 
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22. 31-25 ft. per sec., 520% ft. 23. ¢ = 5; δὲ ft. 
24, t = 2,5; 4h ft. 
25. 14 ft. per sec. per sec., 25 ft. 26. 15. 
27. ἃ, (3, 8). 28. 63, }. 
29. (i) 8, (ii) ἢ. 80. (ἢ, $4). 
31. §, (ἀξ, 76) 32. (δ, 1). 
33. 42, 84, 36, (0, -- 18). - 
35. 48, (ξ,0). 36. 9, (3, 2). 
37. = 38. 327, $. 
39. (i) 82, (ii) 9. 40. 827, 81, 
41, $7, ἕ. 42. (i) +287, (ii) 16a. 
44, 4, 12877, 45. darth, 3h. 
46. 587, 41. 1250. 
48, S87, 49. ἐπα, 2a. 

2 
50. 2427, 61. om te 
52, 218, 53. 2-55. 
54. 0-292. 55. 0-84, 
56. 710 sq. ft. 58. 2-7 miles, 
59. a = 22, ὃ = $,, ὁ = 513. 60. 0-385. 
61. Exact method 0-867. Simpson’s rule 0-865. 
62. 50-3. 63. 342. 
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. 88, 43. 
. 27 ft., 854 ft. after 8 sec. 


. 9 ft. per sec., 3 ft. per sec. per sec. 


3 ft. per sec. per sec. when ¢= 2, —1 ft. per sec. per sec. 


when t= 4. AB = 114 ft. At rest when ¢ = 1,6. 
. 50 ft. per sec., 11663 ft. 19. 4 ft. per sec., 44 ft. 


.v=+5, max.2 = 3. 


14. 10 ft. per sec., 314 ft. 


. —12 cm. per sec. per sec., 6035; cm., 193% cm. 


INDEX 


Acceleration, 48, 111 
Approximate integration, 134 
Area 


of circle, 100 

polar coordinates, 114 

sign of, 84 

of surface of revolution, 130 

‘under’ a curve (Cartesian co- 
ordinates), 77, 113 


Centroid (centre of gravity), 118 
of solid of revolution, 127 

Circle, area of, 100 

Concavity, 54 

Continuity, 12 
defined, 13 

Continuous variable, 3 

Curve, to sketch, 59 


Decreasing function, 52 
Derivative, 20 
Differential coefficient, 19 
of cosa, 34 
of determinant, 45 
of ‘function of function’, 27 
of higher order, 35 
of product, 26 
of sina, 33 
standard forms, 36 
of sum, 26 
of x”, 30 
Differentials, 42, 89 
Discrete variable, 3 
Dynamical illustrations, 48, 111 


Formulae of reduction, 106 
Function, 1 
decreasing and increasing, 52 


Gradient, 17 
Graph, 5 


Increasing function, 52 
Inflexion, 55 
Integral, 81 
approximate value, 134 
defined, 82 
definite and indefinite, 85 
evaluation, 86, 89 
formulae of reduction, 106 
by parts, 103 
dane forms, 90 
substitution, 94, 98 


Inverse circular functions, 38 


Limit, 5 
defined, 7, 8 
of f (x) |g(«) when f(a) =g(a) =0, 68 
of sin z/z, 32 
theorems on, 25 


Maxima and minima 
to determine, 51 
to discriminate, 56 
introductory illustration, 49 
Mean values, 138 
defined, 139 
Mean value theorem, 61 
Cauchy’s, 66 
Moment of inertia, 123 
of solid of revolution, 129 


Normal, 23 


Pappus, 128 
Parameter, 2 
Parts, integration by, 103 


Rate of change, 14 

Real roots of f(z) = 0, f(x) = 0, 63 
Reduction, formulae of, 106 

Rolle, 60 


Simple harmonic motion, 49 
Simpson’s rule, 135 
Sketching of simple curves, 59 
Solid of revolution 
centroid (centre of gravity), 127 
mean density, 140 
moment of inertia, 129 
volume, 125 
Substitution 
definite integrals, 98 
indefinite integrals, 94 
Surface of revolution 
area, 130 
mean density, 142 


Tangent, 23 


Variables, 1 

discrete and continuous, 3 
Velocity, 48, 111 
Volume of revolution, 125 


SOME PRESS OPINIONS OF THE 
SUBSEQUENT VOLUMES 


These books can be wholeheartedly recommended for 
the mathematically abler pupil. They are written in the 
attractively informal style which we have come to 
associate with Dr Maxwell’s school text-books. 

The Mathematical Gazette 


The complete series ranges over both sixth-form and 
university mathematics....The aim is to supply a 
knowledge of general method, rather than to give a 
medley of particular cases—and in this the author 
succeeds admirably. The explanations are most 
lucid. ..and the printing conforms to the high stan- 
dards set by the Cambridge University Press. I only 
wish it had been available in my own student days. 
Journal of Education 


Volume IT 

Dr Maxwell, using his long experience of university 
teaching... has embarked on the writing of a series to 
cover the needs of the mathematical specialist from his 
last year at school up to degree standard....No 
otential scholarship winner will be wise to omit these 
id. Challenging oe his reading ὃς the Ce ag is 

ucid, ing and invigorating throughout. 
Journal of the A.M.A. 


Volume IIT 


The work is admirable both in conception and execu- 
tion; the rigour is never pedantic and the author has a 
practical appreciation that early work cannot be 
treated with the strictness appropriate to more mature 
judgment... . This third volume is particularly valuable, 
for it treats a subject neglected by existing text-books 
—the theory of functions of several variables. The 
whole work is to be highly commended... . The series 
is attractively presented and we look forward to the 
final volume... . Journal of Education 


Volume IV 


It is easy to write text-books for students of mathe- 
matics, but it is not easy to write them well. It is there- 
fore something of a surprise when one recalls the 
number of sanely written and elegantly produced 
books which have resulted from Dr Maxwell’s part- 
nership with the Cambridge University Press. The 
work under review is the last of the ghee series, and 
in it Dr Maxwell carries the study of differential equa- 
tions from its beginnings down to Laplace equations 
and spherical harmonics. The subject matter is not 
easy to present because the results have an importance 
for the applied scientist which is in contrast with the 
difficulty of the proofs, but the author reaches a sen- 
sible compromise....This will increase the value of 
the book to the undergraduate mathematician, and it 
will introduce students of science and engineering to 
one of the most satisfying branches of mathematics. 
The outstanding virtue of the book lies in the way in 
which mathematical austerity is tempered with 
mercy....This friendliness and sympathy in Dr 
Maxwell’s approach will go far towards guaranteeing 
success of this book. 
The Times Educational Supplement 
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